Differentiation: first principles and
basic rules

Worked solutions

ROBINSON

This topic online

n A curve has equation y = 4x> - 3x2 + 7x - 9
a. Find b
X

b. Find the gradient of the curve at the point where x = -1 (3 marks)

«)
Mu(.t:.p(.v bJ the power, then take | ot the power

y = Yot - 3?4+ Tx -9

ij_ = 20x" -6xt 7
dx

b)
Subskebute x = <1 cato S

da
49

20(-)* - ¢(=\) + 7

dx

4Y = 204¢+7
dx

i:)_ = 33

dx

bro.d.ae.nt =

n f(x)=%+8\/x—3, x>0
X

Find f'(x), giving each term in its simplest form. (3 marks)

Write each term as o power ot x
I
Fl=) = se*+%x7 -3
Mu(.tip(.y "’J the power, then take v oy £ the power

\
J—I(JL.) = -0x P4 ux"T

{(.z) — \O
£ e

—*rx

Fl=)=
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Find
dy
a. i
b 4y
dx? (3 marks)
a)
Ax =iz and -1
2 2
|
d = bt -\2x7
dx
b)
Ocl,oce.rc.ntu.te. iﬂ- o.so.m: 12 % l =6
dx 2
2 \
L,j_ = 2x =-6x"7
da?
d*y = ¢
—J— T 12x -
dax? { =
d? (4
—J— =12x -
dx? { =
n f(x) = 2x% + 3x
Prove, from first principles, that f'(x) = 4x + 3 (4 marks)
,F(.z +h)- J‘.(.x)

oc'(:x.) ts the Limit, as h — O, of -

oc(.z-l'k) = 2(x +h)*+3(xth)
J:,(.x.'l'h) = 2x’ 4 Uxh 4+ 2h%+ 32 4 3h
Svbtract J,(x>= 2%+ 3x
Fl=+ h) - l.(.z) = Yxh + 2h* + 3h
Ocvide by h
P tb) = £(x) = wet2h43
N

Ash - 0,2h > 0

oc’(a:.) = 4x +3

oc'(.:r.) =4x +3as ru"u:.rut
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a Prove, from first principles, that the derivative of X3 is 3x° (4 marks)

Let J:(x) = 2% and vse the Srmdi&nt °of the chord From = toxth
Expmn& (= +h)? vsing the binomial exponsion

J:(.z-\»k) = (.x.+h)3
J.(.:r.'l'k) = x4 3x%h 4+ 3xh? 4 h?
l—(.z-l'h)-l.(.x) = 3x’h + 3xh? + h?

l’("' + h) - ac(.z) = 3x’h + 3xh? +hK?
h h

Fleth) - (x) = 3.2 432k +ht
h

Ash — 0, 3xh = O and h> = O

J’{("") = 32

derivative ooc, 2% s dx?
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n The curve C has equation y = 3x% - x
The point P(1, 2) lies on C. The point Q also lies on C and has x coordinate 1 + h, where h # 0

a. Show that the gradient of the chord PQ is 5 + 3h

b. Explain how your answer to part (a) gives the gradient of the tangent to C at P, and state its value. (4 marks)

»)

Find the 3 coordinote of (&N

y = v+ h) -(1+h)
y = 346h+d3n*=-1-h
J 2 4+5h 4+ 3h?
Gradient = SNoN3en Yy

ohmnnt. N X

aro.d.:.e.nt °f Q. = (2 +5Sh+ 3“1) -1
(EX9EX

gradient of PO = Sh+3k
h

S + 3k

Sro.dae.at of (N
b)
Ae h — O, Q. moves mLoA3 the curve o P,
so the chord PO. becomes the to.nsu\‘t ot P

rodient of to.nse.n‘k = S+ 3(0)

radient of ‘to.nse.nt =S

robinsontuition.com/a-level-maths-topics | free AS and A-level maths worksheets with hand-written solutions | Robinson Tuition Page 4 of 10



2
y=2t6 s

2Vx

Show that

dy _ 32 -2)
dx AxNx (4 marks)

Selit the ocra«.l:'um and write each term as a power of x

- ‘1 ¢

:) S S

237 2% 7

- \ 3 \

y = —x7 +3x"7
2

Oz.hce.re.aku.te.
- I 3
il = i_‘ ; - i‘-T
dx “ 2

3
Wrike both terms over Yx T

49 = 32 £

3 3
dx Yx 2 Yx7
&:‘) - 33-1 -6
- 3
dx Yx7

d. == 3(.&2 - 2-)
I.E- Uxd x

3(x? - ?.) oS Fequired
Li.x.r.z. "

-
k=<
|
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n A curve has equationy = (3 - \/x)z, x>0

. dy
. Find =
2. dx

b. Find the value of x at the point on the curve where the gradient is 1?

o)
E.zpo.ml the bracket J,irs‘k

J = (3-rx)(3-rx)
J N

\
9-¢x7 + x

(5 marks)

<
"

\
=dx77 +\

49
dx

=T A

b)

[
"
w

PRI
fx 2
3 |
= 2
{ = ¢

x =3
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n f(x) = ax® + bx® - 3x, where a and b are constants.

Given that f(2) = 17 and f'(2) = 22, find the value of a and the value of b. (5 marks)

0ip perentiate tuice
F(2) = 3ax>+2bx-3
J’”(") = ¢ax +2b
Use ;'(2) =17
120 + 4o =3 = \7
\20 + 4b = 20

%+ Db s
Use oc”(:?.) =22

120. + 2b = 22

oot =11
Suvbtract the twe e.iuo.{:'\oas

30 = ¢
o = 2

b = 5 -13(2)

-
"
L
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3
m The curve C has equation y = 176 + kx2, x>0, where kis a constant.

The gradient of C at the point where x =4 is 5

a. Find the value of k.

2
b. Find the value of d J?j at the point where x = 4

dx
o)

Wrike as powers of x

(6 marks)

3
J = 16+ kx T

i»j- = -t 4 B—hx
dx 2

|
2
Gradient s § whea 2 = 4

_ + 3_"'(1) =S
\é 2

=\ + d

[}
n

)

"
o

k=2

b)

Wikh v = 2, iﬁ- = <16x? + 31%
dax

Lz'i = 32x7 4 ix‘f

dax? 2

Substitute x = 4

diy = 32 3
_.1 — 4+ x
da? AN 2
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m Water drains out of a tank. The depth of water, h cm, t minutes after the water starts to drain is

modelled by
h=64-16vVt+t, 0<t<64
. dh
.Find =
a. Find Qi
b. Find the rate at which the depth is changing when t = 16, stating whether the depth is rising or
falling.
c. Find the time at which the depth is falling at 3 cm per minute. (6 marks)
o)
|
h = ¢u-utz + ¢t
|
dh = ek 7+
dt
dh = %

e
b)

ﬁ = - 8
4t Y3
dh = -2
a4t

dh =

dt
Nza«{:;\/t, so the depth is qoeng down

l,o.(.(.a.na ot lem per menvte
¢)

Fo.(.(.'ms at3Iem per minvte means % = =3

- 8 = -3
{t
T =y

¢
It =2

£ = 4 menvtes
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m f(x) = ax® + bx + ¢, where a, b and ¢ are constants.
a. Prove, from first principles, that f'(x) = 2ax + b

The curve with equation y = f(x)

e passes through the point (0, 5)

e has gradient 1 at the point where x = 1

and f"(x) = 6
b. Find f(x).

«)

(7 marks)

Flx+b) = alxth) +b(x+h)+ec
J,(:.‘Hn)
oc(.z.-l'k)-ac(.x) 2o.xh + ah® + bh
_,C(*‘”")‘,C(Q = 2ax +oh+b
h

ox?+ 2oxh *ah*t+bx +bh +c

Ash—>o,o.|n—>o

J—l(.x.) = 2ax +b
b)
O;J,J,Lrtnkw.te. a.bo.i.ni oc”(x.) = 2o

20 = 6

o = 3
Grodient \at x =1
£ = 203)(0) + b
C+b =\

b = -5

Passes throvgh (0, s)
£(0) = ¢

c =5

ac(.x.)='b.x."-5’.x.+5

robinsontuition.com/a-level-maths-topics | free AS and A-level maths worksheets with hand-written solutions | Robinson Page 10 of
Tuition 10



