R Proof

ROBINSON Worked solutions

This topic online

n Prove that the sum of any three consecutive integers is a multiple of 3 (2 marks)

Let nbe any ;nteau
Three consecutive u\teaus: R N
sUm = (n-l)+n+(n+l)

= da

A LS an LA‘tQ.SQ.I‘, 0 3n ¢s a multiple of 3

The sum is &Lwo.ys o multeple °f 3

n Jamal says

"If x and y are real numbers with x > y, then x> > y°"

Use a counterexample to show that Jamal is wrong. (2 marks)

'T'rj o Aebo.ku/e. J

y* = (-2)*=u

| € 4, g0 x* s not are.o.te.r thon y"

x =1, D ==-2:%50a ooua":e.rz.x.o.mp(,&, so Jamal ts wrong
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n Prove by exhaustion that every prime number between 30 and 50 is either one more or one less than
a multiple of 6

(3 marks)
List every prime between 30 and SO
Check each one

3\ = XS+
37 = €x6¢+\
Hl = R T -1
4d = (X T+

47 = ¢x % -

ALL cases checked

Evzrv prime between 30 and SO s one more or one Less than a

mu(.‘l:c.p(.e. of é

n Prove that the difference between the squares of any two consecutive odd numbers is a multiple of

8 (3 marks)

Let a be an :.Ate.ae.r
Consecutive odd numbers: 2a + 1 and 24 + 3

(2n+3)2-(2a41)" = (4a2 4124 +9) - (4n> + 4n +\)
= %a+8
= 8(n+1)

At\es an :.M:Q.Sbr

The deg perence is o multiple of &

n Prove that x> — 6x + 11 > O for all real values of x 3 marks)

Complete the square

x*=6xtlh = (x=23)*=9+u
= (x=-3)"+2

A square is never negative

(x - 3)1 20

(x-3)*+232

50.&1-6.:+l\>¢7.700coro.(.(.re.o.(..z
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n Prove that n® + 5n + 3 is odd for every integer n

(4 marks)
Case l: neven, n = 2k
A*+Sa+3 = (20)*+5(2k) +3
= 4k 410k + 3
= 2(2e*+ Sk +1) +1
2 x a.n(:e.ae.r 41, so0 odd
Cose 2:nodd,n=12k+1|
A+Sa+3 = (2R +1)>+S5(2k +1) 43
= 424+ 4kt 1+ \ Ok +5 13
= thh? 4k + 9
= 2(2k%+ T +4) 4|
2 % :.n'l:zszr + 1, s0 odd
Eve.rd wteger is even or odd
A2+ Sat3cs0dd For every 'mte.se.r n
For each statement, either prove that it is true or use a counterexample to show that it is false.
a. The sum of any two consecutive square numbers is odd.
b.n? - n + 11 is prime for every positive integer n (5 marks)

o) Let abe an :.n(:e.au
24 (a+\)2 = A% 4024240
= 2a% 4 24 +\
= 2(a>+ ) +1
2% ante.ae,r 11, so odd

True

b) Trd n=\lso e.vo.rj term hoas o oco.c.kor n
N =n+\ = 12
\2\ = xR\

121 is not prime

False: n =\l cs o covnterexample
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n Ava is asked to prove that n®-nisa multiple of 6 for every positive integer n. She writes

“n =1gives 0, n = 2 gives 6, n = 3 gives 24 and n = 4 gives 60. These are all multiples of 6, so the
statement is true.”

a. Explain why Ava has not proved the statement.

b. Prove that n® - nis a multiple of 6 for every positive integer n
o)
On(.:) Y values checked = ¢t must work For every

(4 marks)

posttive u\te.ae.r, and there are mocu\atz(.:, ma.nY
b) Factorcse J,U(.(.J

A= = ala2=1)
= (a- \)n(n + I)
Three consecvtive ‘m{:e.ae.rs

ot Least one of them s even, s0 2 s o J,o.c‘bor

one of them s o multeple of 3,503 is0a oco.ctor

2 and 3 are both J,o.c.'tors, o2l X3=¢sa oco.c.tor

Al-anisa ma(.'l::.p(.z of ¢

n The points 4, B and C have coordinates (1, 2), (5, 4) and (3, 8) respectively.

Prove that triangle ABC is a right-angled isosceles triangle. (4 marks)

Gradients of two sides

Sro.d.iu\t AG = 4-2 _
S -\ 2
arm&ie.l\t BC = 8-4 = -2
3-5
kg =0
2

so AG 1L BC and ‘”‘3"" ABC = '10°

l_u\atlns of the two scdes

AG = (w429 =120

BC = I((-2)*+u4) =120

AG = 6BC

Kaakt ongle at B and AB =6BC, 0 ABC s raaht-mna(.e.d and

tsosceles
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m a. Prove that x +y2 > 2xy for all real numbers x and y

b. Hence prove that, for all positive real numbers a and b, ath > V(ab)
2 (5 marks)

o) A square cs never aeqative
(= - J)" 20

x* - 224+ y‘ 20

Pl Jz 2 22y

x* 4 D" 2 va +or all real x, DJ

b)m,b70soramndrbarereat
Put;:-f_o.,5=-l_bu\o.)

(..r-ou)l + (_(—b)‘ 220 a0
o t+b 32 (ab)
Ouvide both sides bd 2

*_“’»r(m
2

o

%b 2 ..r-(oJo) Fof oll positive o, b

m Prove that one more than the product of any four consecutive integers is a perfect square. (4 marks)
Let nbe an ‘mtcau
Four consecutive u\ke.nu's: natil,nt2,n+3
Pacr the ovtscde two and the wnscde two
a(n+'€>) = n® 4+ 3n
(A'l’l)(l\"’l) = n*43n+2
Let m=an”1+13n

Ao+ D(a+2)n43)4\ = mlm+2) 41

mit2am |

(m+1)?

(n* 4+ 3n +\)*

A2+ 3at1is an :.nte.au

One more than the product is o per cect sguvare
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m Prove that the cube of any integer is either a multiple of 9, one more than a multiple of 9 or one less
than a multiple of 9 (5 marks)

Evud :.a(:e.ne.r ¢s 3k, 3k + 1 or D - |
Case \: n =3k

= 27k3
= 1(3k?)
o mu(.ta.p(.b of ) |

n'b

Cose 2: a =3k 41, use £he benomeal expansion

n* = 27k34+ 27k 4+ G+

= (31> + 324+ k) 4|
one more than o multiple of 9
Case 3:n =3k -\
A= 27 - 272 4 e =)

= (32 - 32+ k) -\
one Less than a multiple of 9

ALL :.ntv.se.rs covered

Evu'j cube s Im, Im + 1 or Im -\
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