R Quadratic functions

ROBINSON Worked solutions

This topic online

n Write x2 — 8x + 3 in the form (x + p)2 + q, where p and q are integers. (2 marks)
Complete the square: halve the -3
22 =8x+3 = (-u)=-14+2
(= - H)" gives on extra +1¢, so take it o.wu:)

= (x-u)-1a
(2 =w)*-13

a Write 2x% + 12x + 7 in the form alx + b)2 + ¢, where a, b and c are integers. (3 marks)

Take the 2 out ooc the x terms on(.j

2x2+12x+7 = 2(x*4+4x) +7
Complete the square cascde the bracket
= 2[(x+3)-9]+7
MuLteply the 2 back <a
= 2(x+3)-10 47

= 2(x +3)2 -1

2(x +3)% -1

ED 0-32-5¢+4

Find the value of the discriminant of f(x) and hence state the number of real roots of the equation

fx) =0 (2 marks)
o = Jb=-5c=4
Ocscriminant

b*-4Yac = (-S)*-4x3dxy

2S - 4%

-23

b=-4ac <O

-23, so0 no real roots
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@D w-22+6x+14

a. Write f(x) in the form (x + a)2 + b, where a and b are integers.

b. Sketch the curve with equation y = f(x), showing the coordinates of the turning point and of any
point where the curve meets the coordinate axes.

(0,14)

(_3: 5)

(5 marks)

o)
x*Ptéx vt = (+3)2 -9+ 14
(x+3)2+s

(x+3)4s
b)

Posctive 22 s0 a U sko.pe.

Turacng pount crom a)x+3=0
menimum (-3, 5)
J-;Atuu\o{:: puvt x =0

:) = 0+O0+ti4 =14

Mincmum value § > O, so it never meets the x-axcs

see the sketch
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a The equation 3x° —6x+ k= 0, where k is a constant, has two distinct real roots.

Find the range of possible values of k.

(3 marks)
Two distinek real roots: b2 - 4ac >0
a = 3, b=-¢ c=k
(-¢): -4 x3xk>0
¢ -\2kL >0
3¢ 712k
k<3
@ roovethat 42 - 12x+ 11> 0 for all real values of x. & marks)

Comp(.d:e. the square

U =\2x + N = 4(x?=3x) 4+l

“[(‘-T) whill

H(x-i)i-‘l-n\
2

3

Wl = —)*+2
2

A square is never neao.kwc.

W(x - i)z 20 For oll 2
2

so-r(x-%)1+z>,z>o

Yx?=-12x+\U >0 J,or oll real =
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g(x) = 5 + 8x - 2x°

a. Write g(x) in the form a - b(x - c)z, where a, b and c are integers.

b. Hence state the maximum value of g(x) and the value of x at which it occurs.

«)

Tolke -2 ovt °o° the 2 terms

(5 marks)

S +8x -2x* = -2(x*-14x)+S
= -2[(x-2)*-u]+s
= -2(x-2)*+8+S

3 =-2(x - 2)*
b)

2(x -2)*2 0, so 9 is bnascst whea tt is O

x=-2 = 0

X = 2

mo.ximum 13 when x =2
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n The figure shows a sketch of the curve with equation y = ax® + bx + ¢, where g, b and c are
constants.

The curve has a minimum turning point at (3, —8) and crosses the x-axis at (1, 0).

a. Find the values of ¢, b and c.
b. Find the coordinates of the other point where the curve crosses the x-axis.

y

\

(1,0)

(3) '8)

(4 marks)

o)
Use completed square Form with turacag pocnt (3, -%)

J = alx=-3)2-%
Substitute (1, 0)

o = a1 -3)-%

O = Ha =%

o = 2
Expond

y = 2(x*-¢x+9)-8

3 = 222 =-\2x +10

a=2,b=-12,c =10
b)

Svmmekrioa(. about x = 3:1cs 2 to the Le.oc.t, %0902 to the r:.aHz
x = %+2=5

(s, 0)
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n The equation X2+ 2px + (3p + 4) = 0, where p is a constant, has equal roots.

a. Find the possible values of p.

b. For each value of p, find the root of the equation.

o)

Elum(. roots: b2 - 4aec =0

(5 marks)

o = \,b=?.p,c=3p+'+
(2p)* -4 %1% (3p +u)

"
o

4ot - \2p - 16

"
o

Oivide bj “

"
o

Pr-3p-4
(p-94)p+1)

p='+orp=-l
b)

p="

"
o

x4+ bx 416 = O
(.x.'!"-t-)l

k
"
[

£

~
&

]
<
"
o

R
"
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m Amara kicks a ball from the top of a wall. The height of the ball above the ground, h metres, t
seconds after it is kicked is modelled by

h=2+12t - 5¢
a. Write h in the form A - B(t - C)Z, where 4, B and C are constants.

b. Hence find, according to the model, the maximum height of the ball and the time at which it
reaches it.

c. Find the time when the ball hits the ground, giving your answer to 3 significant figures.

d. Give one limitation of the model.

a)

Take =S ovk of the t terms
h = -s(t*-2.4t) +2
= -s[(t-\v2)*- 144 +2
= -s(t-\v2)*+72+2
h=192-5s(&-12)*
o)

L.o.rse.st whea (E-12)* =0

(8 marks)

92matt=12¢

¢)
Hits the 3roun& wheah =0

9.2 -s(t-1.2)* = o
(€-12)* = \8u
2w

t must be positive, so take +

£t = 2 +1.3565...

£-12

t = 2.556s..

2.9¢ o
d)

It aﬁﬁore.s oir rescstonce (or wa.ml)
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m a. Write x% — 6x + 13 in the form (x + p)2 + g, where p and q are integers.

b. Hence find the maximum value of — ;O 3 the value of x at which it occurs, and the range
X~ —0ox +
. 10
of possible values of —5—————— for real x.
x° - 6x+ 13 (5 marks)

o)
xt=¢x+13 = (x-3)*-9+13

(x-3)+u

b)
Smallest denomenator Si\le.s the biase.st J,ro.c.tum

(x-3)*+4 34, smallest whenx =3

max = 19 _ S
Y 2
Oenomenator can be huge, so the ocra.c'l:f.oa tends to O but s o.meJs posctive
10 S
m«xio.t.x=3)'04 —_ & —
2 x?=-6x +1\3 2
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m f(x) = X% - 2kx + 3k + 4, where k is a constant.
a. Write f(x) in the form (x + a)2 + b, where a and b are given in terms of k.
b. Given that the curve y = f(x) lies entirely above the x-axis, find the range of possible values of k.

c. When k = 4, write down the coordinates of the turning point of y = f(x) and describe how the
curve meets the x-axis.

»)

Halve the -2k

J:.(.z) = (x=-W)* =R+ +4

(6 marks)

a=-k,b=-k24+30Lt4
b)

Pbove the x-axis: minimum vValue ¥ O

“R*+I+tY4 >0

K*2=-3 -4 <O

Cretical values

(e - 4)(w +1)
K = Yorkk =-|

U=shaged n k, below 2ero between the roots

o

N
)
b = -6+\2+u4=0

turmna ponk (v, ) = (4, 0)

(4, 0): the curve touches the x-axcs there
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