Algebraic methods and partial
fractions

Worked solutions

ROBINSON

X +5x;x2+3x—10
X% -1 X% - x

o) Factorise (:op ond bottom
x> =12 = 32 -4)
x*+x=-6 (x +3)(x-2)
= 3(x - 1)(.& + 2)
(x+3)(x-2)

Cancel (x - 2)
= 3(x+2)
x+3
3(x +2)
x+3
b) Ow‘\d.:.naz Flop the second praction and multeply

x4+ Sx % xt-x
=\ x*+3x =10
Factorise e.\/e.rvth‘ma
- x(x + 5) .x.(.z - \)

(x-\)(x +1) . (x+5)x-2)

Cancel (x + 5') ond (x - I)

2
= x

(x +1)(x -2)

2

b
(x+\)(x-2)

This topic online

(5 marks)

robinsontuition.com/a-level-maths-topics | free AS and A-level maths worksheets with hand-written solutions | Robinson Tuition Page 1 of 12



2
u Express —2X_* 6X = 2 in nartial fractions.

xXx - Nx + 2) (4 marks)
Wr;‘ke.o.si-t g + i
x x =1 xt2
222 46x-2=Ale = )(x+2)+Bx(x+2)+Caox(x-1)
vt x =0

-2 = A(-\)(2)
A =
Put x =\

¢ = B0)(3)
6 = 2

Pt x = -2
8-12-2 = C(-2)(-3)
-¢ = ¢C
= -\
Ly 2l
x x =1 x + 2

n Given that

3 2
X7 +3x" -5+ 4 - 42 peiC+
X+ 2 x+2

., X # -2

find the values of the constants 4, B, C and D. (4 marks)
Oivide 2x* 4+ 3x* - Sx + 4 by (= +2), one kermak a tume

2x%:x=2x"

2..&3*3.1."-53.4"-}-1.&1(.&'}2) = -x*=-Sx+4

-x*+ x = -x

~x?=Sxtu=-(-x)(x+2) = -3x +u

-3x +x=-3

“3x+4-(-3)(x+2) = 10

B.votient 2x* - x = 3, remainder 10

2432~ + = \O
24+ 3x?*=-Sx + 4 = . to,-34 2
x +t2 x+t2

A=2,6=-,C=-3,0=10
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nf(x)=2— 4 ___ 16 x>3

x+ 1 x> -2x-3"

a. Show that f(x) = 2x - 10
x-3
b. Hence solve the equation f(x) = x - 6 (7 marks)

«) Foctorise x?=-2x -3 = (2 + \)(:x. - 3)
Common denomenator (2 + \)(JL - 3)
{-(x) = 2(x+1)(x-3)-ulx-3)-\
(= + l)(.z - 3)

Expond the aumerator
= 2x’=-4Yx=6C-4Hx +\2 -1k
(x + \)(x. - 3)
= 2x*=-%x =10
(x + \)(.x. - 3)
- ?.(Jc. - 5)(.:; + l)
(= +1)( -3)

Cancel (x +1)
= 2(x - 5)
x =3
2x - \O

x =3

£(x) =

b) Multepl y both scdes by (x - 3)
2x -10 = (.x.-‘)(.x.-‘&)
22 =10 = x?=9% +18

O = x*=\x+29%

0 = (x=-4)2=-17)
Both are in the domain x > 3

x=4Horx=T
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2 _
a Express (3 ox+8 in partial fractions.

(x=-3)x+1) (4 marks)
Regpeated oc.a.ctorr write as T + z.%l + (a:.%\)"
31.1-:1.4'&EA(.::.+\)z+6(.x-3)(:x.+l)+0(.z.-3)

Puvk =3
27-3+4% = KA

A

i
N

Put 2 = -I

34149 = -«+C

Compure. cozrtici&nts of x?

3 =A+6
®

i + | 3

x-3 x4l (x+1)*

[ 6 | 2241 B c
Express — <% T~ intheformA + + , where 4, B and C are constants to be found.
x=-2)x+1) x-2 x+1 (4 marks)

T mproper: £op and bottom are both degree 2, so divide first
(.x.-l)(.x.-l'l) = x*-x=-2

22?4\ = 2(x* -2 -2)+2x+S
2
2" +\ = 2 % 2x + S
(x-2)(x+1) (x-2)(x+1)
Portial ocro.c.'(:ions on the remacnder
2x +5 = 6B(x +1) + Clx -2)
Puvt x =2
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Given that

A2 -32%+x-5_ > dx + e
—_ Sax“+bx+c+—
XZ +x-1 x“+x-1
find the values of the constants a, b, ¢, d and e. (4 marks)

Oivide bd 2?4+ x =1, 0ne term okt o time
1.“*2.;3-3.;1*.&-5'-.&1(.&"*.&-\) = x'=-2x*+x-5

23=2x*t x-S =-x(x*4+x=-1) = =-3x*4+2x -5
-dx? %+t =-3

-33:."-}230-5-('3)(.:.14’.:-!) = Sx-9%
Remacnder is Lenear, so stop

Quuotient x* + 2 - 3, remacnder Sx - %

a=lhb=l,ce=-3,d=5,e=-%
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n a. Express __Mx*3 in partial fractions.

2x - Nx + 2)

4x + 3

b. Hence find the exact value of I13 m

is a rational number.

&) \l\’r:.tb oS A + é

2x =\ x + 2

He +3= Al +2) + B(2x-1)

Putx=l
y

SA
2
A =2
Put x = -2
-s = -s6
6 =1

2 |
— +

22-1 x+12

S

b) Int&sratc eoch l,ro.c‘k:.on

[( 2 4 ) VYax = talzx =) +La(x +2)

2x =\ x +t 2
Lemets ocrom 1€o 3

= (LAS*LAS)-(LAI-FLAS)
= 2(nSs-(a3

Use L05 Laws

= (a 25

3

29
n —

3

dx, giving your answer in the form In k, where k

(6 marks)
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n fx) = & x > 1, where k is a positive constant.
x-NDx+2)

a. Express f(x) in partial fractions in terms of k.

b. Given that J210 f(x) dx = 10 In 3, find the value of k.

o.) Wratb [ S i + E

x =\ x+t2
kx +6=Alx +2) +B(x-1)

Put =\

(7 marks)

([}
w
>

kR +4

A

[}

~
+
oN

Put x = -2
-2k +t¢ = -38
6 = 2k -6

k+6 2k - ¢

— " 4 ==
3x - I) 3(x + ?.)
b) Inkzaro.te.

ff.(x) dx = AL!\(:L-I)*BLA(.&*?.)

Lemets J.rom 2 o 1O

= AltaT-ta )+ B(taiz - taw)
= Atn1+B (a3

(n9=20n>

= (2A + 6) ln 3
Set e.luo.(. tolOo a3
2A+6 = 10

20k +¢)+ (2 -¢) = o
3

£x) =

Yk t+ ¢

30

"
o

(X
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m The function f is defined by
) = 3x° + 13x - 8
x-Nx+3)

x> 1

a. Express f(x) in the form A + B + ¢ 3 where 4, B and C are constants.

x =1 X +
b. Hence find f'(x) and explain why f is a decreasing function.

c. State the range of f. (9 marks)

o) Improper, so devide Ferst

(x-\)(x-t?.) = x*42x-3
3224132 -8 = 3(x2+2x-3)+Tx |

72 +12 00 +3)+ Clx =1)

Put x =

2 = 46

=2

Put x = -3

-20 = -4C
C =5

2 S
x)=3+ — 4 —
I—( x - | x+3

b) Werike as powers ond J.:.ococe.rt.ntu.{:e.
J-(.x) = 3+2(x=-1)"+5(x+3)"

J.{(.x.) = -2(x-1)2-5(x+3)*
_ y _ )
(.zT\)" (x +_3)"
(> - 1)2> O and (2 +3)* > 0, so both terms are M.Smti\/c.

ocl(.z.) <0 For oall x >1, g0 F e d.e.c.re.o.su\s
(H=- = - =
#(=) (o) (TR

2
) Asx—>\trom above, — —>
x =\

As x — ©, both J;ro.ctums are positive and — O

‘.(J(.) — 3 From above, never re.o.c.ka.(\a 3

J'("‘) >3
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2 _
€D ., *-x-8

Bx - )2x +2)
Given that f(x) can be written in the form

A B c
+ + —
3x-1  (Bx-12% «x+2

1
3

where 4, B and C are constants,
a. (i) find the value of B and the value of C,

(ii) show that A = 0

b. Hence find the exact value of j12 f(x) dx, giving your answer in the form p + q In r, where p, ¢ and

r are rational. (8 marks)

o) Mu(.k:.p(.:’ tkrouak b:) (3 = 1)2(x +2)
1822 - 9x + 8 = A(3 - l)(.z. +2)+ 6(.:. +2)+C(3x-\)?

|
(;)?u‘(‘:x-?
2-3+8 = 7@
3
6:3

Put x = -2

72 4w+ = «4iC
C =2

B=23,C=2

(o) Compo.re. °°¢'ocl’““"ts of x?
18 = 3A +19C

12 = 3A +18
A =o
A=O(skou.m)

b) So p(x) =3(3x -2+ =
oc x+t2

Reverse chawn rule: devide bv the 3 From the bracket

f3(3.x. - l)"’ dx = 3(3x - 1)"
(-1) x 3
\
’b.z_- |
f 2 4 = 2ln(x+2)
x t+t2
Limets o('.rtm'l 1to 2
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| = | \
[- — -l'?.LA(:x.-tz)J (-—+2.LA‘+)-(-—+2(.1\3)
Ix -1\ S 2
= — +20ln—
10 3
3 N
— +2(n —
\O 3
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m Rainwater flows into a garden water butt. The rate of flow, R litres per hour, t hours after the rain
starts is modelled by

30t
=————— 0<t<1
(t+ Nt+6) O<t=10
a. Express 30t in partial fractions.

(t+ 1(t+6)

b. Hence find, according to the model, the exact volume of water that flows into the water butt in
the first 4 hours. Give your answer in the form a In 5 = b In 3, where a and b are integers.

c. Using your answer to part (a), find the greatest rate of flow according to the model, giving your
answer to 3 significant figures.

o) Wreke as A + E

t+) t+é
30t = A(t +¢) + Bt +1)
Put t = -l
-30 = sA

A=-6

(10 marks)

-1%0 = -s6
B = 2
= 2 _ £
t+¢ t+
b) Volume =fﬂ dt, Lemets Ffom O toy

f("_‘ - & Ydt = 3¢ Lalt +¢) - ¢ La(k +1)
E+¢ L+

V = (36Lnl0-G(mS)-('sCLnG-G(.n\)

uu\%-ccns

UlanS-36Ln3=-¢LnS
30LaS -3¢ Lnd

~ .73 Letres

30(nS -3¢ Ln 3 Likres

c,) Oz.ococe.re.n’ci.mte. the partial J.ro.ctioﬁs
R = 3¢ 3
- =2 + _
dt (€+¢)*  (t+\)?

Greatest rate when =0

6k +6)* = 3¢6(t+1)*
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((:-l'é)‘ = ¢(t +1)?
£ > 0, so take the positive rookt
E+¢ = I ¢(t+)

e(L{e-\) = ¢-1¢

g = Tl ¢-) _
Te- =

R = 3 6
Leare ¢+
= 2.92l...

R(O) = O and R(IO) =170, so this s the Sre.o.te.se raote

2.52 Likres per hour
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