R Binomial expansion for any rational n

ROBINSON Worked solutions

This topic online

n a. Find the first four terms, in ascending powers of x, of the binomial expansion of (1 + 3x)74, giving
each term in its simplest form.

b. State the range of values of x for which the expansion is valid.
o)
(|+J)“=|+Aj+

(4 marks)

ala =) 2 4 ala = 1)(n-2) 4
77 :) 2l

A=-1,D=3x

(432)7 = |4 (22)(32) + (-2)(-3) (3x) + (=2)(-3)(-+)
2 é

(3.::.)3
= 1 =-6x+3(922) - w(27x2)

-6 4+ 27x? - 1083
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Vo.lid when ‘3x| <)
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n In the binomial expansion of (1 + kx)_3, where k is a negative constant, the coefficient of X2 is 54

a. Find the value of k.

b. Find the coefficient of x° in the expansion.

o)

x> term

(-3)(-4) . = Ghix?
—I(\u_) (1%

(4 marks)

b = sS4
R* = 9
ks m.sa.twe.
k=-3
b)
x* term

(-3)(=4)(=5) 1. @ = —ropte>
l (hx) \Ol. "%

-10(-3)* = -10x (-27)

2770
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a a. Find the first four terms, in ascending powers of x, of the binomial expansion of m giving

each coefficient as a simplified fraction.

b. State the range of values of x for which the expansion is valid.
o)

Tolke out the J,o.ctor H'% =

(5 marks)

(4 + x)'% = q.'%(| 4 i)-L
"

= l0+2)s
2 4
Expo.nd.w;tha=-i,:)=%
G+t = =03 L 2D
J H(-Z):)’f 2.)( 2 g+ 200
Z é
= | 3 s
S gyt
2J 7 8d Tk
,—_|_:x.+‘$x."_ S’
$ 2% 024
oLy by -
Mu(.{:\.p(.vbyz
\ x 3x* Sax’
—_ - + -

2 16 2S¢ 2048

Valid when |i| <\
Y

x| <4
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n a. Find the first four terms, in ascending powers of x, of the binomial expansion of V(1 + 8x), giving
each term in its simplest form.

b. Explain why substituting x = % into this expansion would not give a valid approximation for v2

C. By substituting x = 31—2 into your expansion, find an approximation for V5, giving your answer to

4 decimal places. (7 marks)
o)

|
n= Z,J=8x.

‘% IRV Vyes Pyl d
(14 %) |+ %(%x)"’ (Z)( Z)(%x)’"-t (Z)( I)( ,_)

2 ¢

(%<)?

= V4 4x - l(él-m‘) + L (s122?)
% \é

I+ Y4x - 3x? + 323
b)

Valid N\LJ whea stl <)
|

8

<] <

|
x = ts not tascde |x| < 3’ so the expansion s not valid

|
N
there
)

Fo+ex L) =2
32 4

L1
7

s 4 8 32

— =t — - — +

2 32 1024 32762
= LINESO...

s~ 2 x vwskuo..
= 2.23632%...

s ~2.23¢3
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1
a a. Show that the binomial expansion of (8 - 3x)73, in ascending powers of x up to and including the

term in xz, is

A, 1.2
2 4x 32)(

b. State the range of values of x for which the expansion is valid.

c. Use the expansion with a suitable value of x to find an estimate for ¥/7.97, giving your answer to 6
decimal places.

«)

\
Toke ovt T =2

(6 marks)

(8 -232)7 = 20 -3%)+

_— /3

_ | __3::
T A
(h+4)7 !
*J \+l3+(3 3 31

"
-
o

| »

3
2
- |
-— +_ - — u2
‘ 3:) ‘1:’
= |+l _S_x)_l AL
1 ¢
=, . x x?
Y (4
2
2.(\-i- = ) = 2- l.x.- lxz
Y ({1 L 32
shown
b)
dIx
Valid whbnl I‘\
2
‘443
3

e)

Choose x s0 that % - 32 = 7.97

%3x = 0.03%
x = 0.0\
2
\3/_'.¢‘_, ~q - o.ol _ 0.0l
“$ 32

= 2 - 0.0025 - 0.000003125
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= 199749 7S

.97 ~ 1.997497

n The binomial expansion of (a + bx)~2, where a and b are positive constants, in ascending powers of x,
begins

1_4 2
9 27x + cx° + ..
a. Find the values of a and b.

b. Find the value of c.

c. State the range of values of x for which the expansion is valid.

o)
(a +bx)™? = o 2(1 + ix)"‘

o

= ll G - 2.(3.:) + M(ix)z +..)
o o 2 o

= l -be-l»sb x* 4+ ...
ot o? o

Compore constant Lerms

9
o = 3

Compmr& x ‘ke.rms

2b = 4
27 27
ao=3,b=2
b)
. = 3b?
a"-b
= 3X4
8\
l-\.
C = —
27

e)

Valid when | ":' ’ <)

"‘I‘i
2

(6 marks)
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a. Find the binomial expansion of (2 + X772 in ascending powers of x up to and including the term

in x%, giving each coefficient as a simplified fraction.

. . . . . 3-x
b. Hence find the first three terms, in ascending powers of x, of the expansion of

2 +x)?2

c. State the range of values of x for which this expansion is valid.

a)

(2+x)2 = 5204 2)
2

= l(I $(-2)(=) + M(i)" +..
n 2 2 2

(6 marks)

- |
= —(u-x+3x.‘+...)
“ Y
\ 3
- l.z'!‘—.z"
5 -+ 14

Constant term

'S ) o= i
4 N
x £erms
3 | = -
-—x - —% x
b S L
xltbrms
1‘1-§ lxl = ﬁ 2
14 <4 14
3 13
— = x t —x*
o \¢

Valid when ’i[ <)
2

x| €2
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n a. Use binomial expansions to show that

1+X)z1+x+lx2
1-x 2

V(

b. By substituting x = % into both sides, find an approximation for V5, giving your answer as a

fraction in its simplest form.

c. Find the percentage error in this approximation, giving your answer to 2 significant figures. (8 marks)

o)
Werite the root as o product °f two powers

elr=y = 0+2)70-x)7

\ = x
(14 )3 (2)-2)
I+ x)7 = \ — M-—

I+ —x+ 2 2" x?

2
2
- | 2

I+ —x - —2

2 ?
\
(\-x)T = : 3
| (--)-2)
|+(-Z)(-:x.)+ 27 2 (-=)*
2
= sl 2
2 Y
Mu(.t:.p(.:), keeping terms vp €o x*
\ - \
(1 + l.z.- l.x.")(l'\' —x+ix1) S+ l.z.'l'ixz'\' —x t l.x"
2 8 2 8 2 ? 2 Y4
|
- _xz

shown

)

i
v|6

L-\
—_
K
\
i
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7
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| b, = V62 +1% 4+
—(=)

1+ = 4 —
2 8\ 162
= 1%
162
{s ~ 18
2 162
Fs=®

18 = 2.23ys¢..

s = 2.23¢0¢7...

hoerror = 2.23606¢7... - 2.2345¢T...
2.23¢067...

= 0.0¢70%...

X |00
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n The binomial expansion of (1 + ax)", in ascending powers of x, begins
1-6x+24x° + ..
where a and n are constants and n is not a positive integer.
a. Find the value of n and the value of a.
b. Find the coefficient of x>

c. State the range of values of x for which the expansion is valid.

(6 marks)
«)
Compo.re. cozl,l,aoie.nts
noe = =6
ala =1 -
( ) a2 = 24
2
n(n - \)o." = 49
Substikute o = -2
)
U =
ala =) x = = 4%
(‘1
3‘(’\ - l) - |+%
N
36n -3¢ = 48n
-12n = 3¢
A= =3
o = ¢
-3
n=-%aoa=2
b)
(=3)(-4)(-5) | ,2 = -0x %
3!
-0
e)
Valid when IZJ:.I < |
,‘| <
2
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@D - >

1+ 2x)(1 - x)

a. Express f(x) in partial fractions.

b. Hence find the series expansion of f(x), in ascending powers of x up to and including the term in
x3, giving each coefficient in its simplest form.

c. State the range of values of x for which the expansion is valid, giving a reason.

o)

(9 marks)

4+ Sx = A ®

O+ 2x)(1 - 2) |+ 2x * \ - x

4 4+ Sx A(\-.z)+6(\+1.z)

x =\

1 = 36
6=3

y-> = 2p
2 2
A =\
oc(x)g l 4 i

)
(h+22)" = |4 (L)(2.) + @(7@)1 + (-|)(-:)(-3) (22)°

= 1-2% 4+ Yx? - Bx®

31 - x)" 31+ x + 224 x3)

34330 4+ 3438
Ada

oc(.ar.) = Gttt Txl=-Sx>+..

44+ xt Tx*-5x°
e)

(\ + 2x)™" needs Ix‘ < %,‘ (1 - )" needs ';l <)

Bokh must be valid, so take the narrower ronge
|
2

xl‘
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m a. Find the binomial expansion of o0
V(1 +x9)
inx*

b. Hence find an approximation for

o2 1
d
L N

giving your answer to 6 significant figures.

c. Explain why this approximation is likely to be very accurate.
o)
\

n:-;):)=_g"

(14 x2)7 = _) _)

\+(-—)( ‘)-t x2)?

2
\ - Al xt 4 ix“
2 8
b)
3 )
f(l —:x, +—x)&x_.z'x +3.‘L
8 ¢ %O
Limets: J,rom o to0.2
3 5 - R x .
[x- 2 4 dx 1= o02- ©.00% , 3x 0.000%2 _
(4 (TYe) ¢ 40
= 0.2 - 0.001333%3... + 0.000024
= 0.198¢90¢...
o.193¢n

e)

x € 0.2 50 x2 & 0.04:; well inside lx.l <\

the terms (.e.oct ovt (¢ and bzdond) ore kanj
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m In physics, the total energy E of a particle of mass m moving at speed v is
2
E=m(1 - L)%
62
where c is the speed of light and 0 < v < c. The kinetic energy is K = E - mc?
a. Use a binomial expansion to show that, when v is small compared with c,
4
1

I(Z—mv‘2+irﬂ

2 8 2
b. Explain why the expansion is valid for all speeds allowed in the model.
c. A particle moves at v = 0.1c. Find the percentage error when its kinetic energy is approximated

by %mvz, giving your answer to 2 significant figures.

«)

v '\ = \ 3
\- -— - 2 - - 2
( c}) : \+(-l)(-v—)+( 1)( z)(v—)l-b...
2 c? 7 et
S0+ v + 3v* +
2t 8t

\ 3 mv?
T —mvit = -
2 c
b)
VZ
Valid wku\‘ <)
[
2
O&v<&cemeans O£ <)\

(3

s0 ¢t is Valid For e.\/e.rj speed A the model
e)

<
»
"

0.0l

exact K = mo"(O.’ﬁ'% - \)

0.005037%\...mc*

P
=
<

s

(=]

&

A

"

! M(O.\c.)1
2

0.00Sme?
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%h error = O.00SO371l. - 0.00%
0.0050378.\...

0.71506...

X 100

o.1s%
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