R Differential equations and modelling

ROBINSON Worked solutions

This topic online

n Find the general solution of the differential equation
Y- @r 1y, y>0
dx
giving your answer in the form y = f(x). (3 marks)

Separate the variables

fl &.3 =f(l.x+l)d.x
J

Ca D = x*t+tx+te
Toke ¢ of both sides

y = e.:x."+x.+f.

y — e'c.x z&"*x
Let A=e

y= Ao =

n Given that y = 2 when x = 0, solve the differential equation

d 2x
R
giving your answer in the form y = f(x). (5 marks)

Se,po.ro.te. the varcables

f:)d.:) = [edx

-J— = lz""*c
2 2
Use.:x.=0,j=2.
4 = |
— — %+ ¢
2 2
¢ = 3
2
2
= |
J = —e.“-ti
2 2

2
yl = ™13
> 0, so take the posi‘k&v& root

J=r(e.1“+3)
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n A scientist grows bacteria in a dish. The number of bacteria, N, t hours after the start of the
experiment increases at a rate proportional to N. Initially there are 500 bacteria and after 3 hours
there are 2000 bacteria.

a. By forming and solving a differential equation, show that N = 500e*, where k is a positive
constant.

b. Find the exact value of k.

c. Find, according to the model, the time taken for the number of bacteria to reach 10 000. Give

your answer in hours to 3 significant figures. (5 marks)

o.) Rate proport:.ol\o.(. to N
4N = WN

4t
\
— 4N
fN
talN = Rt te
N = Ae*t

t=0,N=500

A = soo

[edt

N = s00e*t shown

b) t =3, N = 2000

2000 = SOOe™

3k

et = 4
Jp = Lo Yy
lt.=l(.n'+
3

¢) Set N =10 000

so0e*t = 10 00O
wt

e = 20
£ = (n20
k
= 3Llan20
(a4

= (.4%3...

6.4 hours
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n The variables x and y satisfy the differential equation

%=ytanx, 05x<%, y>0

Given that y = 3 when x = 0,
a. show that y = 3 sec x

b. find the exact value of x for whichy = 6 (5 marks)

o) Se.po.ro.‘ke. the variables

fl ‘LJ =fto.nacd.z.

fto.n % dx = =Lalcos .x) = lalsec =)
Cn J = (a(sec .r.) +c

x=0,3=3(sec0=l)
tn3 = (nlte
¢ = (n3
‘-I\J = (alsec x) +Ln3
(.l\d = (n(3 sec )

J = 3 sec 2 shown

b) Set y= é
3secx = 6
sec x = 2

CO0S X =
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a The variables x and y satisfy the differential equation

ﬂ = Xe_y
dx

andy = 0whenx =2
a. Solve the differential equation, giving your answer in the form y = In f(x)

b. State the set of values of x, with x > 0, for which your solution is defined. (5 marks)

&) Mu(.ti.p(.:’ b:) ey to so.pa.ro.‘tt
fw ‘LJ = faz. dx

e = x*

2

+c

.z.=2.,3=0

e° = i-}c.

ey = x°

e = x" =12

J = Ln(%)

b) Ln needs o positive waput
2t -2
2
x*>2

:x.>-l_2.

>0
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n A young tree is planted in a park. Its height, h metres, t years after planting is modelled by the
differential equation

dh 6—-h
_— = > <
ar t+1't_0' 1<h<6

The tree is 1 metre tall when it is planted.

a. Show that h = 6 —%

+1
b. Find, according to the model, the height of the tree 4 years after planting.
c. State the height that the model predicts the tree approaches in the long term. (6 marks)

o) Se.po.ro.te. the varcables

\ = |

— dh T — 4t
f 6-h f t+)
The =h Swe.s o MmLAUS Scgn

La(6=h) = Lalt+\) +ec
t=0,h=\

-lan s

tavte

¢ = =-lns

talé = h) = Las = Lalk +))
Ln(é-k)=(_ﬂ i
£+
¢-h = 5
t =+
h=¢- — shown
£+
b)Et=u
h=‘_i
s
Sm
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A block of ice is left to melt. Its mass, m kg, t hours after it was put out is modelled as decreasing at
a rate proportional to the square root of m. The initial mass is 100 kg and after 5 hours the mass is
64 kg.

a. Write down a differential equation linking m and t.

b. Solve your differential equation to show that m = (10 - 0.4t)2

c. Find, according to the model, the time taken for the ice to melt completely. (7 marks)

m) ou'.re.o.su\s, S0 0. MLAVLS S&.al\

d_m =-id m
dt

b) St'.po.ro.te. the varcables
fm"/"d.m =f-h&'(:
2mV/2 = -kt +ec

t=0,m=\00

LXI0 = ¢
c = 20
t=5,m=64
2x% = -Sk+20
Sk = 4
k= 0%
2l m = 20-0.4%¢
Im=10-0ut

m = (10 - 0.4%)? shown

¢)Setm=0
I0-0M4k = O
t = IO
0.4
25 hours

robinsontuition.com/a-level-maths-topics | free AS and A-level maths worksheets with hand-written solutions | Robinson Tuition Page 6 of 16



n A mug of tea is made in a kitchen where the room temperature is a constant 20 °C. The temperature
of the tea, 6 °C, t minutes after it is made is modelled by

do
L2 ko-2
o (6 - 20)

where k is a positive constant. The tea is made at 90 °C and after 10 minutes its temperature is 60 °C.

a. Show that 6 = 20 + 70e~kt

b. Show that k = 1 In i
10 4

c. Find, according to the model, the time taken for the tea to cool to 30 °C. Give your answer to the
nearest minute.

d. State what happens to the temperature of the tea in the long term, according to the model. (8 marks)

a) Separate the variables
f L &9 = f‘l dt
0 - 20

ta(B -20) = -kt +ec

O -20 = Ae™t
t=0,0=9%
70 = A

O = 20 + 10¢™t shown
b)t=10,0=¢o

60 = 20 + 707"
e ot = HO 4

70 7
-\Ok = (. Il
.
- | T
k= _ (n —
10 +
showan
c.) Sek B =30

30 = 20 + T0e™*

g-ut = |
<
kt = (a7
£ = (n7
| 1
= \OLln T
Cn LL7S

robinsontuition.com/a-level-maths-topics | free AS and A-level maths worksheets with hand-written solutions | Robinson Tuition Page 7 of 16



= 34.77...

35 munutes

W As t > 0, ™ 50

9 — 20 °C (room ke.mpe.ro.'l:we.)
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n Water is pumped into a garden pond at a constant rate of 0.6 m?> per hour. At the same time water

leaves the pond through an overflow pipe at a rate of 0.2V m3 per hour, where V m?3 is the volume of
water in the pond t hours after the pump is switched on.

a. Show that 5ﬂ =3-V
dt

b. Given that V = 1 when t = 0, show that V = 3 — 2¢~0-2¢

c. Find, according to the model, the time taken for the volume to reach 2.5 m3. Give your answer in
hours to 3 significant figures.

d. Explain why, according to the model, the volume of water in the pond can never reach 3 m?. (8 marks)

«) Rate °f ckmnae. = rate tn - rate out

vV = o4 -0.2V
dt

Mu(.t:.\o(.d by S

SLV =3 =V shown
dt

b) Segparate £he variables
[ 2 av =ik

3-V
-5 (3 - V)

t=0o,v=1

t+e

-Sln2 = ¢
-5 (a3 - V)
ta(d - V)

3-V = e'(.nz-o.zt

t-Stn2

ln2 -0.2¢

3-V = 2e702¢

V=13 -2e°%% ghown

¢)Sektv=2s
2002 = O
e = 0.25
-0.2t = Lan 025
t = Stnu
= £.9%...

¢.93 hours

d) 2e°* Yo For every t
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V = 3-(a posi‘ta\le. o.mount)

V<L o..(.wo..ds, so never 3 m?
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m After a storm a puddle on a flat playground is modelled as a circle. At time t hours the radius of the

puddle is r cm and its area is A cm?. In the model the area decreases at a rate inversely proportional
tor.

c . i,
a. Show that % = ——, where c is a positive constant.
r

b. Given that the radius is 30 cm at t = 0 and 20 cm at t = 1, show that > =27 000 - 19 000t
c. Find, according to the model, the time taken for the puddle to dry up completely. Give your
answer to the nearest minute. (9 marks)

«) Inve.rse.(.v proportionm(. tor, and &e.cre.o.sﬁ.na
dA - W

4t ;
A = e
ﬂ = 2T,
dr
Chacn rule
dr = dA . dA
dt dt  dr

i
~

"
»~

22
Lete= L 5 O pos:.t'\\/e. constant

2T

dr c
— = =-— shown
it 2
b) Segparate the variables
fr" dr = f-c dt
3
= -ct+d

3
t=0,r=30

d = 27 000 = 9000

000 = -c 4+ 000

. = 1Hooo
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Mu(.t:.p(.y by 3

r®*= 27000 - 11 000% shown

e) Ord whenr=0
27 000 - 19000t = O
t =

1—1 hours
19

LH2\... X 6O = 85.26 minvtes

85 minuvtes
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m The number of fish, P hundred, in a lake t years after a group of fish was released into it is modelled
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by the differential equation
dp _ P(10-P)
de 20

The group released contained 200 fish.

, 0<P<10

a. Express in partial fractions.

1
P(10 - P)
10

b. Show that P = ———————
1+ 4703t

¢. Find, according to the model, the time taken for the number of fish to reach 800. Give your

answer in the form a In 2 years, where a is an integer.

d. State the maximum number of fish the lake can support, according to the model.

m) Poctial J,ro.ct;.ons

v A, 6
po-¢) P 10-°¢
\=Alio-7) + B

=0
A= |
10
P =10
& = )
\o
| |

—_ + —
o  10(\o -°P)

b) Separate the varables (200 oc:.sl-\ means P =2 at t =0)

20 = [1dt
fP(uo-P) 4f f

f(%+ wi_p)w = [rat

2nP-2000=-0) = £+¢

t=o0,0=2

2n2-20an% = ¢
c = ?.(.t\l

14
I0-/¢ (S

2 (n

¥
)
"
&«

(10 marks)
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9P
10 -9
4P = \OQO.S{: - pe’o.st
(4 + %) = 10e°5t
Ocvide top and bottom bJ e 05t
10
P = — s Showa
|+ e ™7
<) 200 o(;:.slv-. means P =9

e'o.:H:

3=
| 4 L}g‘o-“
V4 4e %t = 258
e’-o.st |
14
0.5t = (a6

t = 2ant6=21ln2

_ln2 De.o.rs

d)Ast—»oo,e.‘Q“—»OsoP—a\o

1000 J;ish

robinsontuition.com/a-level-maths-topics | free AS and A-level maths worksheets with hand-written solutions | Robinson

Page 14 of
Tuition

16



m A gardener measures a seedling. Its height, h cm, t weeks after the first measurement is modelled
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by the differential equation

dh _
dt

When t = 0 the seedling is 4 cm tall.

te 03t yh t>0

a. Show that vh = 4 — (t + 2)e” 0t

b. Find, according to the model, the height of the seedling 4 weeks after the first measurement.

Give your answer to 3 significant figures.

c. Find the height that the model predicts the seedling approaches in the long term, and give one

reason why the model may not be realistic for a real plant.

o) Se.po.ra(:e. the variables
[RV2dh = [teostat
[R*ah = 2hV2
Right side by ports
v =t
=
dt
dv = e.'°'$t
dt
v
[teostat

_ze-o.s(:
_z.t Q-O.St _f_ze‘-o.st &t

-1‘(: e’-o.st - ._H.-o.s{:

2{

t=0,h=u

-2k 95t -yt 4 ¢

LX2L = O-4=+c
c =8

2 h = 8 -(2t +4)eost
Oivide by 2

T h=u-(t+2)e°% ghown

b)t=u

In

Y4 - ge™

3.1879...
h = 3.979..2 = 10.163...

\0.2 em

(10 marks)
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e)Ast > o, (E+2)e™ >0
Ih>wu

h— 16

\é cm

Reason: the model stops Srowtk ot 1€ em, but o real p(.o.ﬂk's arowtk degends on Laskt,

water and the season
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