R Differentiation

ROBINSON Worked solutions

This topic online

n Find j—y for each of the following.
X

a.y =@+ 1)

b.y = In(5x% + 2)

C.y = sec 4x (5 marks)
o)
Chain rule: power down, reduce the power, times the dercvative of the tnscde

4Y = s(ux+1)* % 122>
dx

o (ux®+ 1)
b)

A el = £02)
dx(-oc() J.(.z)

ii— \Ox

dx Sx* 42

¢)

d
o sec x = sec X tan x, then £imes the dercvative of 4x
X

i»j- =4 sec 4 ton Hx
dx
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u a. Giveny = x3e2", show that S—Y = xzezx(a + bx), where a and b are integers to be found.
X

. 3x-1 _ . . ST
b. Giveny = ;( 5 find j—y giving your answer as a single fraction in its simplest form.
X<+ x

o)

Product rule: v = a3 v =e*

(5 marks)

o= Bl

v = 2%

ij_ = v'v 4oV

dx
= Ikl el 4+ 2x?el”
= x2e2%(3 +2x)
a=3% b=2

b)

Quvotient rule:vu=3x =1, v=x*+2

W = 3
vi = 22
iﬂ- = wu' =-uw/
dx v?
= 3(x2+2)-2x(3x-1)
(x*+2)2
= dx*+Ce-Cx*+2x
(x* +2)

iﬂ- _ “3x?24+2x +6
dx (x> +2)
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n a. The curve with equation y = 32 passes through the point P where x = 1. Find the exact gradient
of the curve at P, giving your answer in the form k In 3

b. Given that x = cos y, where 0 < y < 1, show that
d_ T
dx V(1 - x3) (6 marks)

o)
J = 3> = 9=

ic;.“=¢\."‘(.f\m
dx
ij_ = 9% (a9
dx
Atx=l
ij_ = {(Ln1
dx

= Ix2(ln?d
18 Cn3

de = -sen Y

dx &.j
9 = 2
dx su\J

s:.r\13=l-'c.o$>1:)=|--3z.z

sin Y >0 fForo < Y < TN, s0 take the positive root
siny = 0 - 2?)
d

=_ !
IB.- -I_(l'.z.")

shown
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n Given that x is measured in radians, prove, from first principles, that the derivative of sin 3x is 3 cos
3x

sin h cosh -1

You may assume the formula for sin(4 + B) and that, as h - 0, - 1T and

-0
(5 marks)

Gradient of the chord From tox +h
l’("" +h)~- l'("") = sun(3x + 3%) - 5in 3
h h
sin(A + 6) = sun A cos 6 + cos A sen 6
= 5tn d3x cos dh + cos 3x sin 3h - sen d
h

cos 3h -

\) + cos D (_s:.n 3")

sen 32 (

Moke the Limits match: muL‘(:ipLJ top and bottom bv 3

(CO$ d3h -

l)*%cos&z

3 stn 3x (ﬂ)

Ash—>o,3h—>o
cos 3h - |

3h
sin 3h

3h
J’{("‘) = 3¢n3x X0+ 3 ¢cos 32X

— 0

-\

= 3 cos 3x

provu.
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a The curve C has equation y = (x2 - 3)e*

a. Find the exact coordinates of the stationary points of C.

2
b. Use i% to determine the nature of each stationary point.
dx (7 marks)

o)

Product rule: v =2 =3, v =e*

ij_ = 2xe*+ (x*-3)e"
dx

= e¥(x*+2x - 3)
= e*(x +3)(x-1)
= > O, so the bracket must be O
x = |
x = =%
y = (1-3)e' = -2¢
= (1-3)e?=¢e™
(1, -2¢) and (=3, ¢e™?)
b)

Product rule o.ﬁo.u\ on e*(x? +2x = 3)

‘lzj = e*(x*+2x - 3) +e*(2x +2)

dx?
= L“(.z."'\"&.z-\)
x =1
J‘zj = 4e 70
da?
x=-3

e9-12-1)=-4e2< 0O

g

da?

(1, -2¢) meacmum, (-3, 6e%) mo.ximum
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a. Find 3—)/ in terms of x and y.
X

b. The point P(3, 3) lies on C. Find an equation of the normal to C at P, giving your answer in the
form ax + by + ¢ = 0, where a, b and c are integers.

«)

Product rule on 3.:;3,' chain rule on J"

(6 marks)

Lx+33*3xii-ljil = O
dx dx

%2_(31_23) = -(zx+33)
dy (_Extdy

dx dx - 2Y
)

4 = et
dx 19-¢
= =5
Normal gradcent = =1+ (-5)

m =

¥ Q- al-

3-3 (x~-3)

S’J-IS= -3

3:.-53+l2.=0
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a. Show that d -1
dx 1T+ cosx

b. Find the exact x coordinate of the point on C where the gradient is %

a)

Givotient rule: v =sinx, Vv =\ +cos =

(5 marks)

U = ¢c0%5 x

vV = -stA X
d4 = cos x(1 + cos :x.) - sin 2(=sin )

dx (14 cos x)?
cos x + cos? x + sn?

(\ + cos )*

sen’ x +cost = |

- I + cos x

(I + co9% xsz

I-l'r._osat.
shown
b)
| = 2
\'i'c:;s.z ?
|+ cos = l
2
cos x = l
2
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ED w-+-63+122+5

a. Find f"(x)
b. Find the set of values of x for which f(x) is concave.

c. Find the coordinates of the points of inflection on the curve y = f(x), and show that neither of

them is a stationary point. (6 marks)
o)

(
J— (-‘-)

"
402
)

Concave where oC”(‘) <0

12(x*-3x+2) <0

12(x -1)(x-2)<o0

Posctive iua&rmt&ci ne.ao.’cWe. between the roots
{x:1e¢x <2}
c)

oc”(a:.) =0atx =land x =2, and J’” ckanae.s siqn ot each

o(;(u) = \-¢+\24+S5 =12

Y = 19 + 242

1Zx? = B + 2%

J.(z) = G-4% 448 +5 =2
Check the Srulf.e.at there

J;’(l) = 4-194+24=10#0
F(2) = 32-T2+4t=270

(1,12) and (2, 21), necther stakionary
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n Water is poured into a container in the shape of an inverted right circular cone at a constant rate of

40 cm3 s~1. When the depth of water is h cm, the radius of the water surface is

a. Show that the volume of water, ch3, is given by V =

b. Find the rate at which the depth of the water is increasing at the instant when h = 8, giving your

answer to 3 significant figures.

c. Find the exact rate at which the area of the water surface is increasing at this instant.

o)

l‘ﬂ'ri;,

3
Ly n
3 2
Twe

12

vV =
shown

b)

v o 3Th: _ Tk

dh \2 b
Ath=28
dV = ¢
dh
Chain rule: dh = i < v
dt dt dh
dh = 4O
dt 1T
- s
2T
= O.79571...
O.71% em s™
¢)
S = ‘“—(i)"= Th
2 -+
S = Twn
dh 2
= 4T
Chain rule: = 45 X dh
dh dt

(7 marks)

robinsontuition.com/a-level-maths-topics | free AS and A-level maths worksheets with hand-written solutions | Robinson Tuition Page 9 of 15



\O em?s™
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m The curve C has equation

X2+ Xy +y2 =12
a. Find 3—)/ in terms of x and y.
X

b. Find the coordinates of the points on C where the tangent is parallel to the x-axis.

c. Find the coordinates of the points on C where the tangent is parallel to the y-axis.

«)

Product rule on x.:’,' chain rule on J‘

1.&*3-\'.:%1 +2.:)%l =0
v v

(8 marks)

%(x-tlj) = (22 + )
o L |

dx x +2y

b)

el Y
= 0. numerator s O
dx

2x + y = 0
y = -2x
Substitute cate the curve
x% 4 .x.(‘?-.z) + ('23&)" = 12

¥Ixr = 12
x=:2.

(2, =4) and (-2, 4)
¢)

Porollel to the J-o.:x.isi denomenator is O

.x.+?.y = 0

x = -2.3
(‘23)1"('13)3*31 = 12
3:’1 = 12

= :2

(-4, 2) and (w4, -2)
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m The number of people, N thousand, who have downloaded a new revision app t weeks after its
launch is modelled by
40
N=—"—"—>, t>0
1+ 770t
a. State the number of downloads at launch and the long-term limit of the number of downloads
according to the model.

b. Show that d—N - N40-N)
dt 80

c. Hence find the greatest rate of downloads, in thousands per week, according to the model, and
the value of t at which it occurs. Give t to 3 significant figures.

d. Explain why the graph of N against t has a point of inflection at this value of t.

o)
= %O
t=onN=22 =5
1+ 7
As t > ©, e > 0

N 30 = uo

S000 ot Lavach; Limet 4O 00O

b)

N = 4ol + 7e°5)"

Cha.in rule

% = -40(\ + 7¢°5%)2 x (-3.5¢705)
d

\4Oe ¢
(T ey
Now work ovt the riskk-ko.ml side
wo -N = 401 + 7e°7%) - 4o

| + 7¢7°5¢

= 2.%02._0'St
N(ko -N) = . 4o 2%0e°%
20 %0 | 4 -n.-o.s{: 4 -n’-o.st

- lqoe-o.st

(1 + 7e705)2
shown
)

' ). - . -
Rate = %_0 (woN - N ) o "uo..d.r«{:..o A N, Srbo.‘te.sk ot N =20 (b:’ SJMML{:IJ)
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dN = 20x20
dt %0

= 9

4O = 20
| 4+ Te OS¢

|+ 7e°% = 2

-o.st |
2

Lal

=
£t = 20nT1

= 3.998...

S thousand per week ot t = 3.99
4)

-0.5¢t

cnereases while N €« 20 and decreases once N > 20

d*N
dt*

$o

cho.nazs saan From +to-att=20n7

CONVeX cko.nae.s o concave: a pou\t °0C 'mJ;LLot:.on
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m The curve C has equation y = f(x), where

|
f= =, x>0
X
1-21
a. Show that f'(x) = _3nx
X

b. Find the exact coordinates of the stationary point of C, and use f"(x) to show that it is a
maximum.

c. Find the set of values of x for which C is convex, giving the boundary in the form ek

d. Given that f(x) - 0 as x — oo, state, with a reason, the number of solutions of f(x) = kfor 0 < k <
A
e (10 marks)

o)

BQvokient rule:v=Llax, v =x?

o= )
X
vi = ax
( -
Fle) = L et tax
x
x"t
= x=2x0(n=x
‘H
- l=-2(n 2
"
shown
b)
\=-2lax = O
lhx = l
y A

x = ¢/2=[{ ¢

= |
J T = _
2 = —
—_— 2

e

B.uotient rule on J;'(:x.)i v=\-2(ax,v=2x?®

}”(.&) = -i xx®- sz(\ -2 Ln .z)

X
3
X%
2 2 2
= =2x"=-3x"+6ex"(lnx
(1
X
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= 6lax-5

“
X

’5\(:.'zz.=..r-e.‘,L,n::c.=l

2
OC”(-r-Q) = 3=-5 =-i40
e’l e’l

(-I_L, l ), o Moximum
2e

)
Convex where cc"(:x.) 7 0,and x>0
Clnx-5>0

Lnx’i
¢

{x:x>e57
d)
Ae x — o, J—(.x) —> =] oc(\) =0

freves to 2.l¢. ot x=d ¢, then oc.o.(.(.s towards O but stavs

905‘\'.%‘\'.\/@.

%0 J =l meets C once on tach side of the maximum

two solutions
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