R Functions

ROBINSON Worked solutions

This topic online

n The functions f and g are defined by
fx) =3x-5x€R
gx) =x°+ 1,x€ER
a. Find fg(2)

b. Find gf(x), giving your answer in the form ax’ + bx + ¢

)
Work From the caside ovt: 9 J;:.rst, thean t

3(2.) = 2% 4|

= S
J’S(l)=o°(5)

= 3RS -9

(4 marks)

m(z) =10
o)

F 9oes e J.z.rst, so put 3x - 5 into 9
SJ,(.‘L) = 3(31— - 5’)
= (3x-5)*+|

= Jx?-3%0x +25 ¢

Lw,(x) = Q? - 30x + 26
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n The function f is defined by

fo) = 23 s
x -1
a. Find f~1(x)

b. State the domain of f~!

»)

Weete 9= oc(.z) oand make x the sub")e.ot

(4 marks)

=
j(:x.-\) = 2x +3%
"'J'J = 2x td
Jc.y-?.:x. = J+3

:x.(:,-z) = J+3
x = j*3
'1‘2
- x+3
Flx) = ——

o)

Oomain of oc"=ro.n30. °f £

J'("') = 2(x-\)+S
x = |

= 24+ S

x -1

S
Forx>1, — takes every positive value
x =\

I.(.x.) > 2

domain °f ac": x>2
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a a. Sketch the graph of y = |3x - 6|, showing the coordinates of any points where the graph meets
the coordinate axes.

b. Solve the equation [3x - 6| =9
y

(0,6)

(2,0)

(5 marks)
a)

The V touches the x=axis where 3x =¢ =0
-6 = O
x = 2
J-intucept: putx =0
g =lo-¢
= 6

vertex (2, 0), J-‘mte.roe,pt (o, ¢)
)

Take the pos&t&.v@. and the M.So.t:.ve. case

Ix -6 = 9
3x = \S
x = S

3x-¢ = -9
dx = =Y
x = =l
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n The function f is defined by
f(x) =x%-6x+11,x>3
a. Find the range of f.

b. Find f~1(x), stating its domain.
a+ Vb

c. Solve the equation f(x) = f'1(x), giving your answer in the form © —
2 (7 marks)

o)
Comp(.e.tc. the siuo.re.

J;(Jc.) = (x=-3)*-94
= (x-3)*+2

Least valve when 2 =3

J,(Jt.) 32

)

y = (x-3)*+2
(.x.-3)7‘ = J"?.

% 23 so take the posctive root
x =3 = -I_(D - 2.)
x = 34 .f_(v - 2)

ac"(x)=3+r(x-2),x>al
e)

f ¢ chereasing, so £ ond l'-\ meet on the Line y==

x*-6xtll = x

x*=Tx+N = O

2
-
YR
T-25 {s = 2.38... s Less than 3, so reject ot
2

7+ s

2

X =
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n The diagram shows a sketch of the graph with equationy = 2|x + 1| - 4
The vertex of the graph is the point P.
a. Find the coordinates of P.
b. Find the coordinates of the points where the graph meets the x-axis.

c. Solve the equation 2|x + 1| - 4 = %x +1

d. Find the set of values of the constant k for which the equation 2|x + 1| - 4 = k has exactly two
solutions.

(8 marks)

«)

Vertex where the wnscde of the modulus is ©
x+l = 0O

x = =\

y = 2(0) - 4
(-1, -4)
b)
1|x. + \| -4 = 0O

I:x.+\| = 2
Xt = 20rxtl==-2

(1, ©) and (-3, o)
e)

Q;Sht branch, x 3 -l I.z + l‘ =x 41|

(=) -4 = Vo oo
2
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—% +\
2
3 -
S =0
2
x = 2

x =23 -lsoits valed

Le.oct branch, 2 < -1

.z.+l|="(:x.+\)

~2(x 4\ )-u = 1

2
-2 -6 = lx*|
2
S -
S, =1
2
x = =-2.8

x = -2.% < -l 50tk is valid

x==280rx=2

d)

y= k must cut both arms of the V: above the vertex

> -y
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n The functions f and g are defined by
fx) = e - 3,x€R
gx) = In(x + 4), x> -4
a. State the range of f.
b. Find f~1(x), stating its domain.

c. Find gf(x), giving your answer in its simplest form.

d. Solve gf(x) = 2, giving your answer in the form % In a, where a is an exact value to be found.

o)

>0 For e.vu‘:} x
oc.(.x.> 7 =3
b)

(7 marks)

y = e -3
?* = y+3
2x = LA(J+3)

x = %Ln(:’-&‘s)

J:."(.x) = % talx 4+ 3), x> -3

c)
3*(.&) = 3(&2‘ -3)

= (ale®™-344)

IJJ'(JL) = (a(e?* +1)
d)

tale?* +\) = 2
Toke ¢ to the power of both sudes

e'l.t - e.z_‘

2x = Lale?=1)

Lale? =1)

M-
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a. On the same axes, sketch the graphs of y = |2x - 5| and y = |x + 1|, showing the coordinates of
the points where each graph meets the coordinate axes.

b. Solve the inequality [2x —= 5| > |x + 1|
Y

y=|2x- 5| / ’
P
R

-+/1|
’

(-1, 0) (2.5,0)

(7 marks)
o)

=|2x - Sl: vertex where 22 -S =0

(2.5, 0) and (O, 5)

= |x t\|: vertex where x +1=0
(-\, ©) and (0, 1)
b)

Bokh sides are > O, so squaring keeps the ine.iua(.a.kv
(22 - 5)* > (x +1)?

YUx?2=20x 425 7 x24+2x +1
¥3Ix2 =22 4+24 >0

(3x-4)(x=-6)>0
Cretical values

- 4
X = _orx=¢6

Posctive 1uo.d.rmt:.c3 ovtside the roots

“
x‘?0f1>‘
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n The diagram shows a sketch of the curve with equation y = f(x). The curve meets the x-axis at (-1, 0)
and (3, 0), meets the y-axis at (0, 3) and has a maximum point at (1, 4).

a. Sketch the curve with equation y = [f(x)|, showing the coordinates of the points where it meets

the axes and of the maximum point.

b. Sketch the curve with equation y = f(|x]), showing the coordinates of the points where it meets

the axes and of any maximum points.

c. Find the set of values of k for which f(|x|) = k has exactly four solutions.

d. State the coordinates of the maximum point of the curve with equation y = 2f(x + 1)

y
(1, 4)

X

(-1,0)

(3,0)

y =f(x)

«)

cc(x)lz replect the parks below the x-axcis vpwards

y
(1, 4)

(3\3)//\/

(-1,0) -

(@y = |f(x)|

4 X
(3,0)

y
(-1, 4)(1, 4)

(033)

(-3,0)

(3,0)

() y =f(lx]

meets axes at (-, O), (3, O), (o, 3); maximum (\, '-})

)

(|:x.‘): keep x 2 O, reoc(.e.d: it en Ehe Yraxis

Mo.XKLMO. (-\, %) and (l, w); ("3, O), (3, O), (O, 3)

¢)

y=r cuts both humps twice when Lt ws between the dip and the tops

The dip is at (O, 3) and the tops are at y=u

3L <Ly

d)

% 41 translate | £o the (.e,ock

(,4) = (o, 4)

?.oci streteh parallel to the J-o.x:.s, scale J.o.r.tor 2

(o,4) — (o, 2)

(o, 2)

(8 marks)
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n The function h is defined by
h(x) =5 + 8x — 2x%, xER
a. Explain why h does not have an inverse.
b. Write h(x) in the form p - g(x - 5)%, where p, q and s are constants.
The function g is defined by g(x) = 5 + 8x - 2x°, x < k

c. State the largest value of k for which g has an inverse.

d. Using this value of k, find g_1(x), stating its domain.
o)
(o)

h(4+) = S+32-32=°5

(7 marks)

S

his mo.l\j-to-one., so it has no inverse

b)

Complete the square
W) = §-2(x?-4x)

= 5-2[(x-2)"-y4]
() =13 = 2(x - 2)*
c)

Moximum ot x = 2: h is one-to=one £o the Le.act o it

R=2
d)

J = \3-2.(.::-2.)2
2.(.:.-?.)" = l3-J

(x-2)* = 8-y

2

2% 20 x-2%0: take the Ae.ao.t:.vz root

x-2 = _r(l3;j)

x = 9. J—(%l)
Oomacn of 3" = ro.l\se. °f 9
i) =2 - (B222) 1 ea
2
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m The functions f and g are defined by
fx) =2x+ 3, x€ER

glx) = 6 x> =1

3
. Show that gf(x) = ——
a. Show that gf(x) 12

b. Explain why gf(x) is only defined for x > -2, and state the range of gf.

c. Show that the equation fg(x) = gf(x) has no solutions.

o)
Soc(.z) = 5(2..:; + 3)

(8 marks)

- (4
2% + 3 4\
= 6
2x t 4
3
(x) - J—
3} x+t2
b)
oc(:x.) has to be a valid caput o9
2x +3 7 -
2x > -4
x -2

% +2 takes every posctive value

Ijoc(ac.) >0
¢)

- ¢
}3(‘) = 2x — +3
x +1
- 12
= = 43
x +1
ocsnc.e.&sx>-l,3°cnu.d.sx>-2.:sox>-\
12 -
2 4= 2
x t\ x +2

Mutteply hrovgh by (= + )= +2)
120x +2) +3(x + ) +2) = 3(a+1)
12x + 24 + 32+ Tx+¢ = 3 +3
3Ix*+\%x+27 = O
x*téx+1 =0
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(x +3)2

"
o

x = =3

=3 ts not 7 =1, s0 et is not in the domacn

Jls(.x.) = 54;(.:.) has no solutions
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m The function f is defined by
fx) =2k - |x - k|, x€eR
where k is a positive constant.

a. Sketch the graph of y = f(x), stating, in terms of k, the coordinates of the maximum point and of
the points where the graph meets the coordinate axes.

b. Solve, in terms of k, the equation f(x) = %x

¢. Hence find, in terms of k, the set of values of x for which f(x) > %x

y

(k, 2k)

(9 marks)
o)

Mo ximum where '3:. - ll =0

Mo.LiLMUM (h, 2k)

X=0AS, J,(Jt.) =0

I.z - b.l 2w

x=k = 2lorx-k=-2k
X = dhorx =~k
yroxisi x =0, and k >0
£o) = ?.h.-l-h.l

= hk

(-k, 0), (3%, 0), (0, &)
b)

ﬂ;skk branch, x 3 &

2k -(x-x) = !
2

X
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Sk = 2
2
x = 2k
2k 3k so ¢t s valed
Le.f,k branch, x <k
2et(x-w) = \
2
“= ',
y
x = -2k

-2l € Wk so it s valid

X ==-2kor x = 2k
¢)

The srapk ¢s above the Line between the twe crossings

“2k € x £ 2
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m Mia makes a cup of coffee. Its temperature, T °C, t minutes after it is made is modelled by
T =f(t) = 20 + 70004, ¢ > 0
a. State the range of f.

b. Find f‘1(T), stating its domain, and find the value of f‘1(50), explaining what it means in this
context.

A temperature of T °C is F °F where F = g(T) = 1.8T + 32

c. Find gf(t) in its simplest form, and hence find the time at which the coffee is at 140 °F. (9 marks)
o)
H0) = 20470
= 0
L% > 0as Se.'l:s Large, but never reaches ©
20 < (&) £ 90
b)

T = 20 + T7Oe o0
o O04t = T =-20

70
10
t = s =29
10
= 25 (n( 1o )
T -20
y 10

F(T)=25(_— ),204T&90

- 20

F(50) = 25, 12)
30

= 25 Ln(%)

= 2L.1%...

212 menvtes: bhe time for the cop pee to cool to 5O C
)
94 t) = 1.8(20 + T0e700%) ¢ 32

= 36 4 126e7°°4 ¢ 32

b o(;( t) = 68 + 126004t
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¢ +126e 9% = 140
126e7°°%¢ = 72

e ~-0.04% = 4

t 25 (.(\(1)
7Y

= \3.94..

t = I4.0 minvtes
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