R Integration: further methods

ROBINSON Worked solutions

This topic online

b. [ (3sin2x+ 4 sec? x) dx

C. [V(@x+ 1)dx (5 marks)
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. 4 . . . .
n Find the exact value of [13 > X 3 dx, giving your answer in the form In k, where k is an integer.

X- + (3 marks)
(
Numerator is 2 X the dercvative of x* 13, %0 Usbf-& dx = (.nll.(x)l
oc(x)
f Hx dx = 2 Lal® + 3)
x*+3
Limcts From! tod
[2.(.(\(.:;"-}3)] = 2(a12-2Ln Y
= 12
2 ln —
(1
= 2L0nd
= (a1
(R
n Using a suitable trigonometric identity, find the exact value of
IOHB 4 sin® x dx (4 marks)

Use cos 2 =\ = 2 sen? =
2sia’x = I=-cos 22
Yeine = 2-2cos2x

f(2-2cos2x)d = 2x - sin2x

Limet ot
m socrom ° 2

[zx = sin ?.x.] = 2T 2T’

) -(0 - swn0)
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n Find [ x cos 3x dx (4 marks)
Inte.sra.(:f.on b:) po.rts:fuﬂ dx = uv -fvﬂ dx
dx dx

u = X
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SN DX
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sin 3x - l('l cos 3x) + ¢
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a Given that k is a positive constant, show that
2k X+ k
Jk XZ dX

is independent of k, and state its exact value. (4 marks)

Splet cato separate terms

xth = l*lﬂ.x"‘

x2 x
f(l thx)dx = thx -2t
x x

Limcte J;rom k to 2k

L1 = - 2 )-(tan-2
[Lnx-:] (Ln 2 zl) (Law IL)

= Lnu-u\h.-lﬂ
2
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k

Ca +

\
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|
T ln2 + —
2

No Le.oct th the answer

\
th2 + e independent of
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n Find the exact value of

j1ex2 In x dx

giving your answer in the form ae® + b, where a and b are rational. (5 marks)

Poarts with v =1_(n2

v = lnx
dv = |
dx x
&V =x7-
dx
v = 2
3
3 3
f.z"(,n.xd..z = * lax- —de.x
3 3 x
3 2
= X (ax- dx
3
3 3
=x_(,(\_x_-x_
3 9

Limits From | toe,and Lne =1, Ln1 =0

3 3 3 3
[Ztha- 2] = (-5 -(0- D)

= 2.4t

T 7T

2
—ed 4 l
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7 _—
- a. Use the substitution u® = 2x — 1 to show that I

X
v2x - 1)
b. Hence find the exact value of [4° — X
VRx - 1)
o) O:.ocl.e.rcﬂ‘h.o.‘te the substitution
J‘U -
20 2= 2
dx
dx = v du
ﬂemrru\az ocor x
x = LI+
y R
-‘_(?.x - l) = v
Ckmnae. the Lemets
x = Lvi=l,u=

]
c
+

f.l_(;-\)&x [ T2 xudv

fu dv (v o(;I"om \ o 3)
2

shown

b) Iate.aro.to.

vi 41 - 1,0
—dv = —(— 4
f 2 Y 2.(3 »)

Lemets ocrom 1t 3

| 03 3 \ - |
Z[T-l'uj I((‘1-&3) (3“))
—_ X —
2 3
=
EY
1€
3

2
dx can be written as [;3 U % T du

(6 marks)
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E -5 o

x+2)Rx+ 1)’
a. Express f(x) in partial fractions.

4 . .
b. Hence show that [4” fix) dx equals In k, stating the value of the integer k. (6 marks)

o) Write as £wo J_ra.ctioas and mu(.t:.pt%tkrousk
Tx + S _ A

(x+2)zx+\) =42 & 2%+
T +5 = Azx +1) +B(x +2)

Pvt x = -2
-9 = -3A
=3

4

]
|
R

A
vt
>
2
&

X+2  2x 4\
b) Iake.aro.te. eoch term (duvide bj 2 fpor the 2x)

3 |
+

[( 2 b ) Yde T 3lale+2)+ L otalax 40)
x + 2 2x + | 2

Limite J.rom Oton

[3LA(:L+2.)+%(.A(1;;+I)J = (3(.Ae+%(.n)-(3(,ﬁz+%

Ll\l)
= 3Ln%+tn3
= 3(n3+lnd
= 4lad
= (a8
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n The diagram shows part of the curve with equation y = 2 sinx, 0 < x < 1, and the line with equation
y=1

The region R, shown shaded, is bounded by the curve and the line.
a. Find the exact x coordinates of the points where the line meets the curve.

b. Find the exact area of R, giving your answer in the form av3 - bm, where a and b are rational.

y

y=2sinxy=g

X
o J
(6 marks)
o) Set the curve e’?«“(‘ to the Line
Zsihx = |
stnx =
2
- T T
x = ___orx=T- = s
¢ é (4
_ T s
= —,x = —
¢ (4
b) Area =f(‘kop - bottom) dx
Area = f(?. sLn X - I) dx
f(?-s'm:x.-\)d.:x. = -2cosx - x
Lemeks From Ll to s
(4 6
- - = s ™ 0
[2"“3" ""] = (-2 cos s;ﬂ' - )'(‘lcos—-T)
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m The curve C has parametric equations
x=t% y=sint 0<t<m
The region R, shown shaded in the diagram, is bounded by C and the x-axis.
a. Show that the area of R is given by [ 2t sin ¢ d¢
b. Hence find the exact area of R.

y

(7 marks)
dx
) Area = da = — dt
o reo. fv fv it
dx = 2¢
dt
x=0whent=0and x = T2wheat =T, and Y 20 {:hrouahou{:
Areo = fsu\ txa2tdt(t From O to ‘“—)
= f 2t sin t dt
shown
b) In{:esm{:ioa by ports
v = 2t
dv = 2
dt
dv = SiAn t
dt
v = =cos t
frtsntat = -2t cos k- [-2cos t dt
= =2t cost+t2sn
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Lemits J;rom o to ‘|T

[-26 cost+2snt] = (-2 cos MW +2 5ca M) - (0 +0)
= 2T

2T
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m The gates at a summer music festival open at 10 am. The rate at which people arrive, R hundred

people per hour, t hours after the gates open is modelled by

R=20te %% 0<t<4

a. Using differentiation, find, according to the model, the greatest rate of arrival, giving your answer

in hundreds of people per hour to 3 significant figures.

b. Show that, according to the model, the number of people who arrive in the first 4 hours is 100(80

- 240e7?)

¢. Hence find the number of people, to the nearest 10, who arrive in the first 4 hours.

o.) Product rule

4 = 200705 + 204(-0.5¢°5)

e

= \0e°%(2 - t)

Set % = 0 (e7°%% s never O)

t = 2
R = yooo
= I4.7IS...

dR

—70}0!‘*:41«A&<Ol,ort>1,soam4xamum

dt

4.7 hundred people per hour

b) Tokal (ca hundreds) =fﬂ dt From O to 4; &.nkearmte bj parts

v =
dv =
4t
dv o
at
v =

[0t e°stat =

Lemets J,rom O tou

20t
20

Y -0.st

-2 e'-o.s{:

—4ot % - [—40oe %t 4k

-4ot ¢ 05 - goe 0S¢

[-4Ot ¢°%¢ - 40e™"] = (-1koe™ - %0e2) - (o - 80)

30 - 240e¢™ hundred people

Mu(.ttp(.y by 100 ror people

100(80 - 240e %) shown

c) Evaluate
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100(%0 - 240e™2) = 4751.95...

4750 people
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m The diagram shows part of the curve € with equation y = 4x ™%, x > 0, and the line I with equation y
=x

C and I meet at the origin 0 and at the point A.
The finite region R, shown shaded, is bounded by € and 1.
a. Find the exact x coordinate of A.
b. Show that the exact area of Ris3 - 21In2 - 2(In 2)2
y
1/

X
@
(9 marks)
o) Set the curve e,:"uo.(. to the Line
Yx e = x
x(we™==1) =
x =00, %o
e =
L
- = |
x tn —
o
x = law
x=(la Y
b) Area =f(r.w\/¢. - Line) dx From O tolaw
Area = f('-}.z e -x)dx
Inteﬁmke Yx 7 b:) po.r'l:s
v = Yx
&U - 1.\.
dx
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dv = -
dx
v = =¢
f'-}.x. e dx = -Yx e™ -f-*-te."‘ dx

“Hx Y - 4o

At x =lau, ™= A
-

[-4xe*-4de™] = (-Lad=-1)-(0=-4)
= 3=-(nY
xdx = % _((_,\q)?-
/ [z‘-{- 2

tand=20n2

(Law)* = ulta2)?

2 2
Area = 3-2L1\1-2.(L¢\2)2

=2(ln 2)?

3-20n2-2(Ln2)? shown
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