R Numerical methods

ROBINSON Worked solutions

This topic online

D w-2+2-7
a. Show that the equation f(x) = 0 has a root a in the interval [1.5, 1.6]

b. By choosing a suitable interval, show that o = 1.57 correct to 2 decimal places. (4 marks)

o)

Substctute both eads o £he interval

F0.5) = 5%+ 2( 1LS) - 7

£ \.§) = -0.625

FO-0) = et 42 1.6) - 7

J.(\.&) = 0.29%
Ck«nae of sign and £ is continuous (o potjhomw.(.)
So there is a root X with 1.§ € X £ \.¢
o)

Test the bounds For .57 €0 2 dp: \.5¢S and 1.STS

£ 1.565) = -0.0370

£ 1.S7S) = 0.0570
Ck«nse of sign, £ continuous

1.5¢S £ X <SS
X =1.57(2 d.p)
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n The equation x> - 6x + 2 = 0 has a root a between 0 and 1

3
a. Show that the equation can be written in the form x = ¥ 2

+

6
. . X 3 +2 . . -

b. Use the iteration formula x,,.+1 = ”E with xq = 0.5 to find the values of x5, x3 and x4, giving

each answer to 4 decimal places.

c. Write down the value of a correct to 3 decimal places.
«)

x¥P=-6x +2

(5 marks)

o
22+2 = 6x
x = (x*+2)
(4
b)
Substitute each answer back tn (\v.u.p the l,u(.(. vo.lue on the caleulator)
X2 = (0.53 + 2)

¢
x2 = 0.39=l66...
x2 = 0.3542
x3 = (0.3541¢¢...%+2)
é
x3 = 0.3407
x4 = 0.3399

e)

Keep ite.ro.tu\si x5 = 0.33%9%%..., x6 = 0.3398%...

o = 0.340 (3 dp)
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a The equation x* - 3x - 5= 0 has a root Bclosetox =2
Taking x4 = 2 as a first approximation, apply the Newton-Raphson method twice to find x, and xs.

Give each answer to 4 decimal places. (4 marks)
Oz.ococue,ntio.‘be.

J;(x) = x"=-%x -5

oc'(.z) = 42 =3

Newton-Raphson: xpi1 = x4 = -firl)
J— (’-n)

o"(") = 6-¢-5=5
J;’(z) = 32 -3 =219

- S
X2 = 2 - —
29

x2 = \.275%6...
Repeat with x2 (J.u(.(. calevlator vo.(.ue.)

J.(\.u'lsaé...) = 0.¢7332...
oc'(l.&l'lS’%é...) = 2L\

0.67332...
214\ TI...

*3 = 1 8275%¢... -

x3 = \\TN4...

x2 = 1.827¢, 3 = \.79¢
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2
n The table shows values of y = e™ for 0 < x < 1, with values of y given to 4 decimal places.

x| 0] 025 05 | 0.75 1

y | 1 | 0939 0.5698 | 0.3679

a. Complete the table, giving the missing value of y to 4 decimal places.

1
b. Use the trapezium rule with all the values of y in the completed table to find an estimate for z[

2 . S .
e dx, giving your answer to 3 significant figures.

o)
j = e -0.§% - e.-o.zs
d O.7178%

b)

S{:ra.p width h = 0.25

(4 marks)

h
Trapezium rule: —[ocirsk 4+ Last + 2(middle one.s)]
2

Area = % % 0.25 % [I + 0.3¢71 + 2(0.9394 + 0.778% + 0.5¢1%)]

Area = 0.25 x [1.3¢79 + 2(2.228)]
Areo = 0.25 x [1.3¢79 + 4.57¢]
Area = 0.25 x 5.9439

Areo = 0.T4299

0.1+3 (3 o oC)
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a The curve C has equation y = e%>X — x?

C has a turning point P whose x coordinate a lies between 0 and 1
a. Show that a is a solution of the equation x = 0.25e0>%

b. Using the iteration formula x,, 1 = 0.25e%>*n with x; = 0.3, find the values of x», x3 and x,, giving

each answer to 4 decimal places.

c. Using a suitable interval and a suitable function that should be stated, show that a = 0.2888 to 4
decimal places.

o)
At o ‘eurnma po'mt &J/&x =0

4y = 0.5eo =22
dx

0.5e%5*=2x = O

(8 marks)

2x = 0.5e°9%*
x = 0.25e°5*
)
x2 = O.zsLO.Sxo.S
x2 = 0.2904¢... = 0.290S
x3 = 0.15'&0.5 X 0.2904¢...
x3 = 0.28908... = 0.2%24
x4 = 0.2%8%1... = 0.2319

)
Use the 3tad.:.!.ﬁf ocw\ota.ol\ 3(;) = 0.5e°% - 2x
Bounds por 0.288% to 4 dp: 0.28875 and 0.20385

3(0.2‘6875‘) = 0.000\591>0
3(0.2.8%&5’) = -0.0000\25 < O

Cku\ae. of scqn and q ¢ continvous

0.2%%7S & X <« 0.288%S

XK = 0.2988 (4 dp)
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B 0-3 . <2

x-2
A student finds f(1.9) and f(2.1) and says that, because the signs are different, the equation f(x) = 0
has a root between 1.9 and 2.1
a. Find f(1.9) and f(2.1)

b. Explain why the student's conclusion is not correct.
(i) g(x) = 4x% - 16x + 15
c. Show that g(1) and g(3) have the same sign.

d. By considering g(2), explain why the equation g(x) = 0 has at least two roots between 1 and 3,
even though g(1) and g(3) have the same sign. (6 marks)

a)

(143) = 3
£ (\9-2) v

oc(\.‘i) = -30 + 1.9 = -2%.

(2a) = 3
¢ (20- 2) + 2.

30 + 2.1 = 32

J:.(l.l)
)

x = 2 malkes the denomenator zero

There ts o vertical asymp‘tote ot x =2

So £ not continuous on [\.1, ?..l]

The siqn changes becavse of the msjmptot&, no¥ a root
¢)

3(!)
3(3) = 3¢-4%+15 =3

4-\WC+IS =3

Both pos'\‘l::.\/e.i same sign

d)

3(2.) = 16-32 415 =-|

s(l) > 0, 3(1) < O: s;ar\ oko.l\sz on [\J 1]
3(1) <0, 5(3) > 0. s:.an cko.1\32, on [2., 3]

q ¢ o pol ynomeal, so continuous

At Least one root tn each interval: at Least tuwo roots
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The diagram shows part of the curve with equation y = 2 + In x and the line y = x. They meet at the
point where x = o

a. Show that a lies between 3 and 3.5
b. Use the iteration formula x,,1 = 2 + In x,, with x; = 1.5 to find x, and x3, giving each answer to 4
decimal places.

c. On the diagram, draw a staircase diagram to show how the iteration in part (b) moves towards a.
Mark x, and x3 on the x-axis.

d. A different rearrangement gives the iteration formula x,,,1 = e*n = 2, Using xq = 3, find x,, x3 and

x4 to 3 decimal places, and explain why this formula cannot be used to find a.

2 Y

35

y=2+1

2.5

15

0.5

(9 marks)
o)
Let oc(x) =x =2 -(nx (rooks of fore where the Sro.phs meet)

F(3) = 3-2-(n3=-00%8¢
H 35) = 3.5 -2-0n35 =0.2472
c’h”‘ﬁ" of stgn and £ is continvovs cor x>0
34 <3S
o)
x2 = 24+0ALS =2.40S9

2 +(n2.40S5..=2.8777

x3
e)
Up prom x1 =15 to the curve

Across to the Line y==x, then down to the x-axis! x2
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Up to the curve agoin, across to y= x. %3

A skaircase c.(.&mb'ms towards X
4)

x2 = e* " 2=2.T\8

x3 = ™2z 2,08\

x4 = 9% "2 =052

K s abovt 3.5

The values move acurtke.r acrom XK each time: this ckeration

&.a.\/e.rse.s From X
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D w-2-32+5
The equation f(x) = 0 has exactly one real root y

a. Show that, for this equation, the Newton-Raphson formula can be written
2x,> - 3x,%> - 5

Xne1 = 5
3x,” - 6x,

b. Using this formula with x; = -1, find x, and x3, giving each answer to 4 decimal places.

c. Explain why the Newton-Raphson method cannot be used with xq = 2
o)
ocl(x) = 3Ix?-6x

(6 marks)

Nzwton-ﬂmphsol\
Xp+l = 2y = (-x'n3 - dx," 4 5)
(310112- - éxn)

Common denomenator
Xpil = (xn(3x,* - G.x.n) - (. = dxp? + 5’))
(3x,* - 6x,)
w1 = (3% = 62p? = 2, + dx,? = s)
(32,2 - C.z.n)
X+l = (22, - 3x,% - 5)
(3%, - 6x,)

b)
2 (2(-1)% = 3(-1)* - 5)
(3(-1)* - ¢(=1))

X2 = ("2- -5~ 5)
(3 +6)
o

x2 = =LUu

x3 = =|,10383...

x2 = =L, 23 = 1103}
e)
oc’(z) = 3(4)-¢(2)=0

The denomenator is 2ero, so x2 cannot be oc,oumi.

The ko.nsu\t ot 2 =2 s horizontal, so it never meets the x-

0XiS
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n The diagram shows part of the curve with equation y = V(x> + 1). The region R, shown shaded, is
bounded by the curve, the x-axis, the y-axis and the line x = 2

x| 00511 15 | 2

y |1 1.4142 3

a. Complete the table, giving the values of y to 4 decimal places.
b. Use the trapezium rule with all the values in the table to find an estimate for the area of R, giving
your answer to 3 significant figures.

c. Using the diagram, state with a reason whether your answer to part (b) is an overestimate or an
underestimate.

d. Explain how the trapezium rule could be used to give a more accurate estimate.

47 .
1
1
1
y=vV(x®+1) !
1
3
2
1
—
0 X
-05 05 1 15 2 25

(7 marks)

a)

%= = 0S5:iy= {(o.5s*+1) =1 2as = 1.0¢oT
x =15 y= IGs*+\)) = u31s =2.007
b)
h=0.5

Area = OT‘S[u +3 4 2(1.0¢07 + L4z + 2.0117)]

Area = 0.25[4 + 2(4.5¢¢6)]
Areo = 0.25 x \3.1332
Areo = 3.2833

Area =~ 3.28 (3 soc,)
¢)

The curve bends upwo.rds (convex) betuween x = O and =2
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The s'(:rm.sht ‘(:op °f eoch tro.pe.z:.om Lies above the curve

Overestimate

4)

Use more strips, each of smoller width

m The table shows some values of x and y for a continuous curve with equation y = f(x)

x |1 15| 2 25 | 3

y |24 | 31| 35| 32| 26

3
a. Use the trapezium rule with all the values in the table to find an estimate for I f(x) dx
1

3
b. Using your answer to part (a), find an estimate for J' (3f(x) — 2x) dx
1

2
c. Using your answer to part (a), write down an estimate for I f(x + 1) dx, giving a reason.
0

o)

h=0.5
foc(.x.) dx = OT's[z.u +2.6+2(31 435 +3.2)]

[ §(=) dx = 0255 +114]
[ #(2) dx = 0.25 x 24

¢.\1S
)
Selet Ehe wategral

f('b}(.z.) -2x)dx = 3fJ.‘,(.‘7.) dx -f?..:. dx
fﬂ.x&x=[x"]acromlt03

f?.:n. dx = 9-1=8
f(3ac(.x) -2x)dx = 3(6.\5) -8
J(3p(x) - 22) dx =135 - 8

10.45

)

y= J.(.z. +1) s y= oc,(z.) transtated | unit Le.ac‘l:

x = O to 2 on the new curve matches =\ to 3 on the old one
C.\S
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m The region R is bounded by the curve with equation y = x In x, the x-axis and the linex = 3
a. Show that the curve meets the x-axisatx = 1 forx > 0

b. Use the trapezium rule with four strips of equal width to find an estimate for the area of R,
giving your answer to 4 decimal places.

c. Use integration by parts to find the exact area of R, giving your answer in the form a In 3 + b,
where a and b are rational.

2
d. Find the percentage error in the estimate from part (b), and explain, by considering d—)zl why
dx

the trapezium rule gives an overestimate here.
«)
xlax =0

x>0,%0x *#0
lhx = O

x = |
b)

From 2 =\ to 3 weth & s'kr:.psi h=0.5
x:1,1.5,2,2.9,3

Y- O, 0.60%2, 1.384¢3, 2.2907, 3.2958

Area = O—‘S[o +3.295% + 2(0.60%2 +1.38¢3 + 2.2907)]
2

Area = 0.25[2.2958 + 8.5704]
Area =~ 0.25 % 11.8¢¢2

Area = 2.964¢
)

dv
TIat t b tsiv=1L , — =
n t.sra Lon jpo.r s, v N x 1 X

J.U - |
dx x
vV = l_‘z
2
fx(.nx.d..x= l.x."(.l\x-fl.x."xld.x
2 2 b2
—
fx"'n"‘&"‘- —.:."Lh.z.-flxd.z.
2 2

f.z(.n.zd.z = |
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| \
Limeks: [ —x?lnx - —x? rom | €o 3
\ [ z& q& Jto 0

Area = (l(.n'.‘)-l)‘(l (_A\-l)
2 4 2 4
Are.o.=l(_ﬁ-5-i+l
2 ] <+

Are.o.=l(.n'b-2.
2

d)

l tad-2 = 2..1"\‘37‘...
2
'/. erfrolf = (1-1“‘ - 2.‘\4376) %
2.9437¢

'/- efror = O.TIG'/-

100

Second derivative

ij_ = (ax t\

dx

47

\
dx? x

Vx>0 For = >0, %0 the curve is convex (bends vpwoards)

The {:ro.pe,sz kops Lie above the curve: overestimate
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m The concentration of a medicine in a patient's blood, C mg per litre, t hours after it is taken, is

modelled by
c=8te 0 >0

a. Find the maximum concentration according to the model, giving your answer to 3 significant
figures.

The medicine is effective while C > 4. The concentration first reaches 4 mg per litre when t = 0.715
(3 decimal places). It falls back to 4 mg per litre when t = T

b. Show that T is a root of the equation h(t) = 0, where h(t) = 2te 02t _ 1, and show that 4 < T < 5
c. Taking tq = 4.5 as a first approximation, apply the Newton-Raphson method twice to find an
approximation for T, giving your answer to 3 decimal places.

d. Hence find, giving your answer in hours to 2 decimal places, how long the medicine is effective
for.

o)

Product rule

i = 8e705t 4 8¢(-0.5e°5Y)
dt
‘LC = 8905t = yte o5t
at
4C = yeost(z - k)
dt
e >0,50dC/dt =0 whent=2

C = a(2)e"
C = s.88¢...

5.9 mq per Litre
)
ke @t = 4
2te°%t =\
2te™st -1 = O
h(4)

L(S) = 10725 = | = -0.179
Clno.nae. of sign, h continuous

W= =0.0%27

4WeT<S

e)
Oa.ococere,ntf.d:c. h (product rutle)

h'(t) = 205t = o -OSt
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h(4.s) = -o0.05\4017...
h(4.5) = -0.2¢3498...
k2 = oo -0.051407...

-0.26349%...

€2 = 4.3049...
€3 = 4.30¢S\0...

T =4.307 (3 dp)

d)
Time = 4.307 - 0.\S
Time = 2.592 hours

3.59 hours (2 dp)
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