R Parametric equations

ROBINSON Worked solutions

This topic online

n A curve C has parametric equations
x=2t-1, y=t£2+3, teR

a. Find the coordinates of the point on C where t = 3

b. Find a Cartesian equation for C in the form y = f(x) (3 marks)
o)
x = 2(3)-1=5

= 3243 =12

(s,12)

b)
Make € the subject of the sumpler eguation

x = 2t -1
t= x +\
2

Substitute wnto Y
2

2
- (x +1) R
L*

3
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u A curve C has parametric equations
x=1+4cosh y=4sinf6-2, 0<60<2m

Show that C is a circle and state its centre and radius. (3 marks)

Malke cos B and scn B the sub:)e.cts

cos B = =~
N

32

“
Use sen? B 4 cos2 B =

(21 ) (g2 2y =
Y Y
(:.-u)l-s(:.}-tz)‘ = \¢

LN 9

circele, centre (1, -2.), rodivs 4
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n A curve C has parametric equations
x:t3—2t, y:t2+4t

a. Find dy in terms of ¢
dx
b. Find an equation of the tangent to C at the point where t = 2, giving your answer in the form ax

+ by + ¢ = 0, where g, b and c are integers. (5 marks)
o)

dx = 3¢2-2

4Y = 2t+u
dt
d.:-) =J.t1;d..z

dx 4t dk

4y _ 2ttt
dx 3tz -2

b)

Pocat where t =2
X = /-4 =4

y = 4+ %=1\2
Gradient where t =2
il = 4 +4
dx 12 -2
2 %
o s
3-3_\=m(x.-x._\)

3-'?-=%(x-q)

5'3-60 = Hx =16

4x - Sy+tH4 =0
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n A curve C has parametric equations
x=1+2sint, y=3-cos?2t L L
2 2
a. Show that a Cartesian equation of Cisy = 2 + 1?()( - 1)

b. State the domain of values of x and the range of values of y for C.

¢. Explain why € does not include every point of the curve with equationy =2 + %(x - 1% x€eR

o)

cos 2t =1-2sa* ¢t

(5 marks)

y = 3-(\-2.5:.4\"(:)
= 242 sn*t

x =1
2

= % =\\,
J z*z(T)

From x: sin & =

- 2
2 + 2.(.:: \)
I-}

T 2+ l(.:n-l)"
2

shown

)

-1 &£ stn t £ 10n thes taterval

x = 1+2(-1) = -

= =1+20\) =13
O & sinrt g

x =14+ 2 sin € cannever be Less £haan =\ orf more £han 3

Cis DI\LD the po.r'(: °f the po..rabo(.o. with -\ & x ¢ 3
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a A curve C has parametric equations

2

Ly = —— t>1
t-1 7T T
Show that a Cartesian equation of C is
2
= (Xﬂ) , X > 0
bx

where a and b are integers to be found.

Moke €t the sub")u.t

(3 marks)
t-\= 3
X
E =5,
X
X

Svbstitute wato Y

y = tr = (t-1)

= (x+3)>
%2

= (.z.*'b)z

2
X

(= +3):
3x
a=3%b=3

w|lg ®|w
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n A curve C has parametric equations
x=t2 -4t y=£-3t teRr

a. Find the coordinates of the points on C where the tangent is parallel to the x-axis.

b. Find the coordinates of the point on C where the tangent is parallel to the y-axis. (6 marks)
dx = 2£ -y
dt

4y = 3k*-3
dt
dy = 3t* -3
dx 2t -
«)

Porallel to the x-axcs: i»j- = 0, so the anumerator ts O

dx
3*-3 = o
t = :'I
t=
X = l=-4=-=3
3 = 1=-3=-2
t=-
X = 1t4 =5
= =l+3=2

(-3, -2) and (5, 2)
b)

Parallel €o the J-o.xisi the denomenator cs O
o

2t -«
t =2
X = Y-y =-4
y = 8-¢=2

(-+, 2)
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A curve C has parametric equations
x=t2+1, y=2t-1, teRr
The point P on C has parameter t = 2
a. Show that the normal to C at P has equationy = 13 - 2x

b. The normal meets C again at the point Q. Find the coordinates of Q. (7 marks)

N
Ax = 2k

&5l
> "

dx 2
Normal armdaen‘k ==\ to.nau\t Sru\;u\t

-2

3-3 = -2.(3:.-5)
= 13 -2x

shown

b)

Substitute the po.ro.mv(‘:r:.c ciumtions tato the normal
28 -\ = 13-2(¢241)
2€-1 = W-2%&

2¢*+2t-12 = O
t2+t-¢ =0
(t+3)(t-2) = o

t =2 s £he pount P
t = -3
= 941=10

X
y = —¢-1=-7
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&0, -7)

n In this question you must show all stages of your working.
A curve C has parametric equations

x=2cost, y=sin2t 0<t<2m

Find the exact coordinates of all the points where C meets the line with equation y = v3 X
2 (5 marks)

Substikute the parametric equations into the Line

sen 2t = {3
2

2sinteost = I 3cos &
Factorise, do not divide bJ cos £

c.ost(lsu\t-r'b) = 0

cos £ =0

g=1r31r

X 2 cos t

2
t = T 2T
37
e U
3
x 2 cos — =1
3
4= en 2T _ {73
3 2
t=z“|T
3
X = 2 cos 2"“r=-l
3
9= T _ 3
{ - -
3 2
1 i Y

(o, 0), (,

E)
7
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n A curve C has parametric equations

x=2cost, y=1+cos2t 0<t<m
a. Show that all points on C satisfy y = %xz and state the domain of values of x for C.

b. The line with equation y = x + k, where k is a constant, meets C at two distinct points. Find the

range of possible values of k, writing your answer in set notation. (7 marks)

»)

cos 2t = 2 cos? t -\
y = V4 2 cos? & -

= 2 cos? t

cos t = 2
2
X
- 1 - 2
J (2.)
= l&l
2

-\&oosté\torOi‘t&‘“—

|
y=gxh 2t x2

b)

12 = 2tk

2
Xt =2 =2k = O
Tweo destinet roots: b* = Yac 7> O
4+ % 70
|

w>-—
2

Both roots must Lee in-2& 2 &2
x = 2= 0(w+80)
2

=20+ 20)
Larger root at most 2
1+ O+20) 22
0 +20) €0
k&0

Then the smaller root | - -l_(l + ?.k) 2 0, s0 it is tascde the domacn
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m A curve C has parametric equations

x = cos 20, y = sec 6, O<6<%

a. Show that d_y = k sec® 6, where k is a constant to be found.
X

b. Find an equation of the tangent to C at the point where y = 2, giving your answer in the form y =

mx + c (6 marks)

")
40

.
&
"

-2 sin 2.9

-4 sin 9 c0s 9
sec B kan O

sen O

cos?

sn O
dx cos? 9

2.4:‘.

4

- (-'-\- SLA 9 cos 9)

'-ic.o_sze
- |
T - se.c39
“
lt.=-l
Y
b)
sece = 2

cos O

ii = -l x2_3=-1
dx 2

j-z

y-2 = =2x -\

([]

(]
»
—~
&
+

|
~7

j=l-1.x.
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m A reflector is fixed to the rim of a bicycle wheel of radius 0.3 m. As the bicycle moves along level
ground, the position of the reflector is modelled by

x=030-5sinfh), y=03(1-cosh), 0<0O<2m
where x metres is the horizontal distance moved by the reflector, y metres is its height above the
ground and 6 is the angle in radians that the wheel has turned through.

a. Show that P _ cot(i)
d 2

X
b. Find the exact coordinates of the reflector at the moment its path has gradient 1

c. The reflector is 0.45 m above the ground at two points in this interval. Find the gradient of the
path at each of these points, giving exact answers.

d. State one assumption made in this model. (9 marks)

o)
d’_"‘ = 0.3(\ - cos 9)
4.6

ig_ = 0.3 sin O
d

i:)_ - sen B
dx \ - cos B
%

Use the dovble &03(.!. o(:,ormu(.o.e. with 0 =2 x —
2
SLN 9 = 9 9

2 S\ — ¢05 —

I-c.ose = 2 ¢in?

i»l T 2 sin

|
Plor|o
N

0S5 —
dx 2
z 9
2 sin” —
2
05 —
2
SLh —
2
= cot —
2
shown
)
0V — \
2
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)= 0.3(1 -1)
2

o
"
o

3(

m m
2

- sin
2

J

0.3(\ = cos %) = 0.3

(0.3( ; -1), 0.3)
)
0.3() - cos 9) = 0O.MS
l-cos & = \5

cos 0 = _

6 = 2T 4T
3’ 3

9=21r

T
4y = B

dx eot 3 -I=3

o=24"

3

the wheel rolls without s(.:.pp:.na on Level around.
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m A curve C has parametric equations
x=t*-4, y=2 -4t teRr

a. Find the values of t at which C meets the x-axis, and hence show that C passes through the
origin O twice.

b. Find the gradients of the two tangents to C at 0.
c. Show that a Cartesian equation of C isy‘2 = xz(x + 4)

d. Find the exact coordinates of the points on C where the tangent is parallel to the x-axis.

e. Sketch C for —2.5 < t < 2.5 on the axes below.

(-8/3,16V3/9)

(-4, 0)

(-8/3, -16V/3/9)

(11 marks)
)
y =tk*-w=o0
t =0,2,-2
t=o0
X = =4, d =0
t=22
x = 4Y=-4%=0
= O
t =2 and t = -2 both qeve 0, so C passes '(:lnrouak O twice
b)
42 = 2t
dt
ij_ = 3t*-y
dt
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3 -y

3

dx 2t
t=2
&D == \2"‘* =2
dx 4
t=-2
&D - 12 -4 = -2
dx -4
2 and =2

tP=axtu

P = .z.z(.z. + ‘-l-)
| shown

d)

d
Parallel to the x- : =
o.fo.lle (] Q&&l&s:g—

3tt=-9 = O

t:: 2
Y
'x:i-L}:-i
3 3

(@S
[}
(o
-~
&
»
[
£
\J
"
(et
x
-~
||
~/
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h )
g M

(_%, lch)&&(_% \‘r3)

e)
Looop From (-u, ©0) back to O, sJMMQt(‘{.O&L in the x-axcs

Vertical 'bo.nSzM: at (-4, 0); tumins points at x = -2
3

Branches cross at O with Sro.cl.:.e.a'(:s 2 and -2, £hen carry on into

x >0

see the sketch
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