R Proof by contradiction

ROBINSON Worked solutions

This topic online

n Prove by contradiction that, for any integer n, if n® is even then n is even. (3 marks)

Assume Ehe opposite

Assume a2 cs even and n is odd

\Write the odd number ca m(.ae.brm
A= 2k 41, kan u\te.se.r
at = (2 +1)2
= G+ Yk 4|
= 2(2k® + 2k) +|
2k? 4+ 2k 5 an cntzae.r, so n® ¢s odd

This contradicts a? being evea

So of n® s even, n s even

n Prove by contradiction that if a is a rational number and b is an irrational number, then a + b is

irrational. (3 marks)

Pssume Ehe opposite
Assume o + b ¢s rational

atb = ,po.mlv"mte.se.rs,"?ﬁo

3v° |o

& = . manda 'm'l:e,se,rs, n*o0o
A

Make b the su\oj@.ct
b= ¢ _M
q A
9.0
pr = mq ond 4N are u\(:e.nus o.nd 9N # 0, s0 b ts rational
This contradicts b be.u\s crrational

Sooa +bcs crrational
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n Prove by contradiction that for all positive real numbers x,
9

X+—2>6
X (3 marks)

Assume the opposcte

Pssume there is on x > O with x + l < ¢

X

Mu(.k:.p(.v bj = (posctive, so the segh sto.:)s)
x*+9<¢x

x*-éx+t1<o0

(x-3)*<«o0

A real number scLUo.re.J. LS never M.So.tivz

Conkrodiction

Sox*lkél_orau—x>0
x
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n You may assume that, for any integer n, if n® is even then n is even.

Prove by contradiction that V2 is irrational. (5 marks)

PAssume the oppos:.te.
Assume { 2 cs rational

-[_2.=

%, o and b in‘kcszrs with no common aco.c.tor, b#0

Siuo.re. both stdes

2 = o
ot
o2 = 2b*

So a? ts even, 50 a 15 eVeAn
o = 2¢,can u\tcau
(2c)* = 2b*
Ye? = 2b?
b* = 2.7
So b* is even, so b is even
a and b are both even, so tke.d have a common J,ou.‘kor 2

This contradicts o and b ko.\/ina A0 coMmon J:mckor

So { 2 s irrational
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a Prove by contradiction that there are no integers x and y such that
2 2 _
x=-y-=10 (4 marks)

Assume the opposcte

Assume u\(:e,se.rs % and v exist with 22 - 3" =10

Ocpperence op tuwo squares
(= - g)x+y) =10
The two brackets add to an even number
(Jc.'l'v)*(x-:j) = 2x
So x - Y oand x + yore both odd or both even
Case \: both odd

odd X odd = odd, but 10 is even: contradiction

Case 2: both even
(2m)(2n) = “4ma

so the product is o multeple of % but 10 s not: contradickion

So there ore no u\‘ke.ae.rs x ond Y with x? - y" =10

n Prove by contradiction that log, 5 is irrational. (4 marks)

AssUMb the oppos'\tc.
Assufne. (.032 S s rational

('°32 S = i, P and 9 tﬂtzazrs, 9 # O
1

(.032 S 7 0 since S 7, 50 take p, 9 7o
Undo the (.03

20/t = §

Rocse both sides o the power 9
29 = S

P 2 1s02°cs even

S% s o produck of odd numbers, so tt s odd

Even = odd s ampossab(.z: contradiction

So (.032 S is tvrrational
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A student is asked to prove by contradiction that
sinx + cosx > 1 for all values of x with 0° < x < 90°
The student begins:
Assume that there is an angle x with 0° < x < 90° such that sin x + cos x s 1
Both sides are positive, so (sin x + cos x)Z <1

Complete the proof. (3 marks)

Expand the bracket

oinZ2 L + 2 stn x ¢cos X + cos? x &\

Use sen” x + cos? x = |
I+ 2 senxcos &
stnxcos x££ 0O
o o
60‘&*0(‘0 < x40 ,5n2x ?70and cos x >0
%0 SLN x coS x 2 O

Contradiction

] [~

Sos'\n.:c'!'oos.x.)\l,orO < 2 £ 90

n Prove by contradiction that there are infinitely many prime numbers. (5 marks)

Assume the oppostte.

Assume there is o J,:.nite, number of Primes, 01, 02, £3, ...y Pn
Mu(.t:.p(.y them all toaz{:ke.r ond add |

N = pixp2xp3ax..xp+)\

Ow‘ul:.ns N by any pi Leaves remacnder |

So none of p1, ..y pn s & fackorop N

N >\, 50 ecther N s prime, or N has o preme coctor
Ecther wo. 4 there s o prime that is not ca the Lest

This contradicts the List contacnin e.ve.rd prime

So there are t.nocim.te.(.:) ma.ny primes

robinsontuition.com/a-level-maths-topics | free AS and A-level maths worksheets with hand-written solutions | Robinson Tuition Page 5 of 8



n a. Prove that, for any integer n, if n’is a multiple of 3 then n is a multiple of 3

b. Hence prove by contradiction that ¥3 is irrational. (7 marks)

o.) Assume the opposa.te.
Assume a cs o mu(.'l:ipte, of 2 but a is not

Thean=3 tl1orn=3L+2,kan il\‘t&&&f
Case n =3 +\

A2 = T 46k 4\
= (324 2k) 4|

remocnder \, not o multeple of K

Coasen=3e+2
At = e 412k 4w

= 3(3Z+ 4k +1) 4+
remacnder I, not o multeple of 3

60tk cases contradict n? be.u\a o mu(.t'\p(.e. ooc, 3

Se of 3 divides n* then 3 divides n

b) Assume the opposa.‘ke

>y =

%, o and b 'm{:e,ae.rs with Ao common },o.c.'kor, b#0

3 = o
'S
a? = 3b*

So 3 divides a*, s0 3 devedes a, by pork (o)
o = 3, can u\te.se.r
e* = 3b*
b? = 3.?
So 3 devides b?) s0 3 devides b
3 s o common J:,ad:or of o ond b contradiction

So { 3 is crrational
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m a. Prove that, for any integer p, if p3 is even then p is even.
b. Hence prove by contradiction that 3v2 is irrational.

¢. Deduce, using a further proof by contradiction, that 5 - 3y2 is irrational. (8 marks)

a.) Assume the opposcte

Assume p2 cs even and ¢ s odd
P = 2Lkt kan «.Ate3e,r
p® = (2w +1)®
= k42l 4+ Gk +)
= 2(ui® + ¢l +3k) 41
This ¢s odd: contradiction

Socp ¢’ s even, pis evea

b) Assume the oppos:.{:e.

Va2 =

Cube both sudes

%, oand b 'mte.ae.rs with no common oco.c.tor, b#o0

2 = o°
'y
o> = 2b°

So a® s even, S0 a s even, bv po.rt (o)
oo = 2¢,can u\te,ae.r

2’ = 2b°
b° = ucls= 1(103)

So b*is even, so b ts even

o. and b have a common oc,o.c,‘tor 2: contradiction

3
So \/?. ¢s irrational

c.) Assume the opposate.

3
s-V2 = 1,m«n¢nmteszrs,a¢o
n
3
Vo = o_m
[4)
- Sn-m

)
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3
Sa=mond nare :.n(:e.ﬁe.rs, s0 V2 would be ratronal

Thes contradicts park (b)

3
Se S - \/2 ¢s crrational
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