R Sequences and series

ROBINSON Worked solutions

This topic online

n The 5th term of an arithmetic sequence is 23 and the 12th term is 51
a. Find the first term and the common difference.

b. Find the sum of the first 20 terms.

«)

akh term=a + (n=-1)d

(4 marks)

o tHd = 23

oo +\ld = S|
Subtract

Td = 2%

d =«

o = 23 -16

a=T,d =4

)

Sp= 2 (2a 4 (a=-1d)
2

Sz0 = ﬂ(zx-ru‘ixw)
2

= 10(\+ + 1¢)

S20 = 100
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u A geometric series has first term 48 and common ratio %

a. Find the exact value of the 6th term.

b. Find the sum of the first 10 terms, giving your answer to 3 significant figures.

c. Find the sum to infinity. (5 marks)

V6 = ya x (i)s
4

= 4% x 243

o024

7129
V6 = ——

€4

b)
S, = o(t - r")

V-
S10 = %1 -0.75°)
| - 0.75

= \J2(\ - 0.05¢31...)

= |12\I8...

S10 =191 (3 soc)
¢)

r| < | 50 the sum to i.nJ.im(:J excsts

S0 = i
\-r
= 43
0.25
S =192
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30

a. y (5r-2)
r=1
8

b. ¥ 3x2
r=1

(4 marks)

o)

Wrike out the oc:.rs'l: and Last terms
r=15-2=3

r = 30:\SO0 -2 =148

Arithmetec, 30 terms: S = L(oc:.rsk + Last)
2

S = 3%(34140)
2

= IS X IS\

226S
b)
r = 53In2=4¢

Geometric witha=¢,r=12,8 terms

s = 6(2°-1)

2-1
= (X 2SS

IS0
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n A sequence is defined by

ui =2, u,,q=ku,+3

where k is a positive constant. Given that uz = 23

a. show that 2k% + 3k - 20 = 0

b. find the value of k

4
cfind Y u,

r=1

o)

2k + 3
(2 +3)+3
= 20243 +3

V2

V3

2>+ J +3 = 23

Lk*+ 3 -20=0

b)

(2 -s)k +4) = O
ko= 1c>(‘h=-‘-|-
2
h.:.spos;.{:a.\le.
\n.=i
2
)
V1T = 2
V2 = 2.5 %X2+43=1%
v = 23
V4 = 2.5 X23+3=(0.5
2 = 24+%+23+40.5
3.5

(6 marks)
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a A sequence is defined by
1

1-u,

up=3, Uy, =

a. Find up, uz and uy

b. Describe the behaviour of the sequence.

100
c. Find the value of 'y u,
=1 (6 marks)
)
v2 = !
\-3
= \
2
vz =\
le
2
= 2
3
va =
\ - —
3

2
02=-—,u3=?,04=3

o)

v4 = u1, so the terms repeat

periodic, order 3

¢)

One.c.:)c.(.e.
2 - \1
-4+ 2 =4
2 3 (4

100 terms = 33 ocuLL chLLs +1 term

2 = 33x%+u1oo

V100 = vl becavse 100 =3 X 33 ¢ |
= 201
2

+3
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n The first three terms of a geometric sequence are
k+3, k-3, 7-k
where k is a constant.
a. Show that k% - 5k = 6 = 0
Given that the series converges,
b. find the value of k, giving a reason for your answer,

c. find the sum to infinity of the series.

o)

Common ratio: second = oc:.rst = third + second
-3 = T-k
L+ 3 Y
(k-3)* = (+3)(7-%)

R2=-¢k+9 = Tl - k?+21-3k

(6 marks)

K2-6k+9 = =¥ 44l + 2
22 =10k -12 = O

R2-Sk=-6=0
b)
(e -€&)(+1) = O

k== terms 2, -4, %

r = =2
H 7 1 so thes series «L;.vz.rae.s

k=4 terms 9, 3,1

e)

|- L

3
Soo=2'_7
2
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Priya saves money each month. She saves £40 in the first month and each month after that she saves
£5 more than the month before.

a. Find how much she saves in the 12th month.

b. Show that the total she has saved after n months is %n(n + 15) pounds.

c. Find the month in which her total savings first exceed £3000 (6 marks)

a)
vi2 = 4O +IIX S

Eas
o)

Sy = %(1x40+(n-l)xs)

D (sa+15)
2

S, = in(c\ + \S)
2

c)
s
Ta(n 4+15) ¥ 3000

A2 +15a > \200

A 4+\5a=-1200 70

Solve the fLUMLro.‘k:.c. Q.fl'uo.t'\w\

A= =15+ (225 +4%00)
2

= 27.94...

A must be o whole aumber above 27.94...

Check
S27 = 2.5 %27 x 42 = 293§
S2s = 2.9 x 28 x 43 = 30\0
the 28th monkth
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n In this question you must show all stages of your working. Solutions relying entirely on calculator
technology are not acceptable.

A bakery made a profit of £20 000 in its first year of trading, Year 1. A model predicts that the profit
will increase by 4% each year, so that the profits form a geometric sequence.

a. Find the first year in which the predicted profit is more than £30 000
b. Find the total predicted profit for the first 15 years, giving your answer to the nearest £1000

c. Give one reason why the model may not be suitable in the long term. (7 marks)
o)
upn = 20000 x \.o4""'
20000 X \,O4"~' 7 30000
.O4""' > IS
Take Loas of both scdes

(n=\)LarOow > LS
Cn \.9
La 1LOY

n=\>\0.33...

A=1?

A > IN33%...

Year 12
b)
S15 = 20000(1.O4S =1)
\.O% = |
= 500000(1.800%4... - \)

= 4OOM4TILTS...

fuoo coo (neorest £1000)
<)

H-./O arow‘kh e.ve.rj Je.o.r For ever is not realistic
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n A geometric series has second term 48 and sum to infinity 300

a. Show that the common ratio, r, satisfies 25r° — 25r + 4 = 0

b. Given that r > % find the first term of the series.

c. Find the smallest value of n for which the sum of the first n terms is greater than 299

«)

or = 48
% = 300
V-
o =
300(1 - r)r = 4%
300r - 300¢? = 48
300r2 - 300r+ 48 = O

Ocvide b y\2

252 =-25Sr+4 =0
b)
(se=1)(Sr-4)

"
o

r =
e> L
2
r = 0.8
o = 48
0.%
a =60

s, = ¢o(i-0.%")
0.2
= 300(\ - 0.%")

300(\ - 0.8") ¥ 299

- oar> 211
300
0.%" <« Al
300

300(1 - ¢)

O.20rr=0.9

(8 marks)
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nln 0.8 < (a( 2 )
300

ln 0.9 s M.so.t:.\/e., so the "M"i«u“(“'kj turns round
|
Ll = )
n> 300
ln 0.9

n>25.56¢...

n= 26
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m A geometric series has first term a and common ratio r, where r # 1

a(l1 - r"

a. Prove that the sum of the first n terms of the series is

[ee)

b. Hence, or otherwise, show that 5 12 cos2n (%) =36
n=1 (7 marks)
@)

S, = atoartarr+t...+tar
Mu(.t:.p(.y by r
Sy = artar+ . toar" tar
Subtract: e.vuy‘(:h:.na concels except the J,irs'(: ond Last terms
S, =S, = a-=-ar"
Sili=+¢) = a1t =¢")
r#1, %0 devide b:)l- r
a1 - r")

l=-r

S, =

b)
™ < I

cos — T ——
YR
cost o= 2
¢ <+
= 3
2 cos( D) = 1a( 2y,
¢ Y

A=\ Sive,s the J;irst term
& = j12x 2 =19

1Y
r= 3

o
‘rl‘l,sor"ﬁOo.nd.Sn—) —_
V-
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n
a. Given that Y (4r + 1) = 1430, find the value of n.

r=1

k
b. Find the value of k for which ¥ log, (8") = 315
r=1
20
c. Show that ¥ In(3"e?) =2101In3 + 40
1

r=

o)

Arithmetic: acirsk term S, Last term Y4a + )

A(s 44 41) = 430
2

n(2a +3) 430
2024+ 30 -\430 = O

(2a+sS)n=-2¢) = O

n s o positive whole number

n=26

o)
S:.mp(.'\ocj the (.03 ccirst

Loﬁz(%') = L°32 %

= 3¢
S3r = g, Rl 4D

(e +1) = a5
2

k(e +1) = 210
k4 k=20 = O
(b +15)e-14) = O

k= \4%
c)
Lal(3 e?) = Lad +Llne?
= rln3+2
S = a3x(\+2+..420)+20x%x2
= (.A3x—2'o:2'l + 40
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m A fishery stocks a lake with fish. A model for the number of fish, P, in the lake at the start of year n
is
P, =500, P = 0.8P, + 150

n+17~

a. Find P, and P53
b. Show that P, = 750 — 250(0.8)" ~ T satisfies the model.

c. Explain why the sequence is increasing, and state the long-term number of fish predicted by the
model.

d. Find the first year in which the model predicts more than 740 fish. (10 marks)
o)
P2 = 0.9 X 500 %150
= S$SO

3 = O_AXSS50 +\S0O

P2 = 5§50, 3 = S90

b)
Check the ocirst term

P1 = 750 - 250(0.2)°
= SO0

Put the ocormu(.o. tato the recurrence

0.7, +150 = 0.8(750 - 250(0.%)*"') 4+ \S©O
= ¢00 - 250(0.8)" +\SO
= 750 - 250(0.8)"*'!

= Pn+1, so the J,ormu(.o. so.tx.sl,:.cs the model
)

250(0.2)" "' ¢s mu(.tip(.&.e.d. b:’ 0.8 each yeor, so ot ae‘ts smaller

Less cs taken Fom 7150 each Year, so P, thcreases

Asn— o (0.8)'—> 0
d

Lona term: 15O J;,:.sk
d)
150 - 250(0.8)" "' > 4O

250(o0.8)""' <« 10
(0.%)""' < 0.04
(n- I) (n O £ (A O.0O%

ln 0.% < 0, s0 the ‘me.lum(.:.kv turas round
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(n O.0O%
(n O

A= > \442...

A=\

n>IS.42...

Check: P15 = 739.0, P16 = THI.2

| iear 14
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