R The binomial distribution

ROBINSON Worked solutions

This topic online

n A factory packs light bulbs in boxes of 20. The random variable X is the number of faulty bulbs in a
box.
a. State two conditions needed for X to be modelled by a binomial distribution.
b. Sam deals 5 cards, without replacement, from a standard pack of 52 playing cards. The random
variable H is the number of hearts dealt. Explain why H cannot be modelled by B(5, 0.25). (3 marks)

) Binomeal needs: pexed n, Luo outeomes, independent, constant p

Bulbs are J‘.o.u(.t:) ind.e.pe.n&e.nt(.v of each other
Eoch bulb has the same probodo‘\(.it:) of be.i.ﬂs P*”"tj

wndegendent, constant probo.b:.(.a.‘tj of \oe.:.na J.o.u(.ty

b) Checl constant probo.bi.(.:.td

Plist card is o he.o.r't) = 1%
S

IJ’ the \st card s o heart:
P(2nd cord s o hzo.rt) = 2

S\
The probabt(.'\'tj c.kom:e.s From card €o card

withovt re.p(.o.c.e.me,nt, ¢ s not constant (trials not

ind.cpzad.e.nt)
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u The random variable X ~ B(12, 0.3). Find
a.P(X =4)
b. P(X < 3)
c.P(X>5)

giving each answer to 4 decimal places. (3 marks)
a)Use P(K=¢)="Crp (\=p) "

P(K =) ="Cy x 0.3* x 0.7°

P(K = 4) = 495 x O.008I X 0.05 TEH4R0\

P(K = «) = 0.23I

0.231\

b) Cumulative: binomeal od.o(; on the caleculator
P(K &3) = out2s

o.4925

¢) X 7 5 means X 2 ¢, s0 use the complement
PK>s) = 1-P(K&5S)
P(K¥>s) = 1-0.9322

P(K7s) = onrs

o.\T79%

B The random variable X ~ B(20, 0.4). Find, to 4 decimal places,
a.P(X > 10)

b.P6<X<9) (4 marks)

&) X 210 is everything except X €9
P(K210) = 1-P(K&9)
P(X 210) = | -0.7553
P(X 210)

O.24%7

0.2447

b) S <X &Tmeans K =¢, 7,8, 9
P(s<X&q) = P(K&d)-P(K&S)
P(s ¢« A <£9) = 0.7553 - 0.125%
P(s <« X&) = 0.6297

0.6297
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n A café finds that 15% of its customers order a drink with oat milk. On one morning a random sample
of 25 customers is taken. The random variable X is the number of these customers who order a drink
with oat milk.

a. Write down a suitable distribution to model X.
b. Find the probability that exactly 4 of the customers order a drink with oat milk.
c. Find the probability that at most 2 of the customers order a drink with oat milk.

d. Find the probability that more than 5 of the customers order a drink with oat milk. (5 marks)

a) n =25 customers, ¢ = O.\S
X ~ B(z2s, o.s)
o) Ex«c{:(.:} “

P(K=4) =2Cy x 0.AS"* x 0.95

(K =4) = 0.2\0

0.2110

c) At most 2 means X & 2
P(K&2) = 0.2537

0.25%7

d) More than S means X = ¢
PK?S) = 1-P(K&S)
P(K>sS) = \-0.835
P(K>S) = 0.4\S

O.KIS
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a In a town, 45% of learner drivers pass their driving test at the first attempt. A random sample of 10
learner drivers from the town is taken.

a. Find the probability that exactly 6 of them pass at the first attempt.
b. Find the probability that at least 4 of them pass at the first attempt.

c. Priya says the same model could be used for 10 friends who all took lessons with the same
instructor. Give one reason why the model may not be suitable for them. (5 marks)

Oe gine the model

K = aumber who pass J,irs'(: time

% ~ &0, ous)

o) Exactly¢

(K =6)="C¢x 045 % O.55"

P(K =¢) = 210 x O.45x O.5S"

P(K=¢) =0us%

0.15%

b) At Least 4 means X 2 4
P(K2u) = \=-P(X&3)
P(K34) = 1-0.2¢60
P(A 2 4) = 0.7340

O.7340

¢) Think abovt the conditions

Same wnstructor, so the probo.bi(.:.tj of Passing
is on(.:.\w(.j to be O.45 For these Freends

and their resulls ma. Y not be cndependent

p ma.y not be 045 / not independent
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n The random variable X ~ B(30, 0.25).
a. Find P4 < X < 10).
b. Find the largest value of k such that P(X < k) < 0.1

c. Find the smallest value of m such that P(X > m) < 0.05 (6 marks)

a)4 & K<Iomeans K=4,5, .., 19
P(usX<i0) = P(K&T)-P(K&3)
P(4+ £ X «10) = 0.8034 - 0.0374
P(+ £ X €\0) = 0.7¢¢0

O.7640

b) Look o..(.oﬁa the cumulative values
P(K &u4) = 0.0971

Less than O.I

P(L&S) = 0.202¢

more than O, teo ba.a

k=4
)PASIm)=1-P(K&m=-1\)
P(K212) = 1-P(K &1) =0.0507

more than 0.05, not small enough

P(K 213) = \-P(X &1\2) = 0.02\¢

Less than 0.05

m=\3
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On any school day, the probability that a particular bus arrives late is 0.2, independently of other
days.

a. Find the probability that the bus is late on exactly 2 of the 5 days in one week.

b. Find the smallest number of school days, n, for which the probability that the bus is late on at
least one of the days is greater than 0.95 (5 marks)

a) X ~ B(s, 0.2)
P(K=2)=7C2x022%x 08°
P(K =2) =10 % 0.04 x O.512
P(X =2) = 0.204%

0.2048
b) At Least one =1 - P(none)
Plat Least one Lake) = 1 - 0.9

| - 0.8" > 0.95

0.%" £ 0.05
Toke Loas; ln O.8 s ne.amtwe. s0 the sign J.L;ps
nln 0.8 £ (n 0.0S

n> ln 0.0
tan 0.9

n7\3.4...
Check

0.8° = 0.0550

0.2 = 0.0440

n=I4
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n Lily rolls a fair six-sided die 8 times and records X, the number of sixes.
a. Find P(X = 2).

b. Lily repeats this experiment once a day for 12 days. Find the probability that she gets exactly 2
sixes on at least 3 of the days. (6 marks)

o |
o) X ~ B(s, Z)

P(X =2) = *Ca x (%)z X (%)‘

P(K=2)=28x ! xlSé_:LS’
3% 4éeS¢
P(K =2) = 0.2¢60S
0.240S

b) New varcable: count the d.o.:)s
Y = aumber of J.o.ds with e.ac.mc.tLJ 2 sixes

vy ~ B(12, 0.2¢05)
Keep the FuLl value op P(K = 2) on the caleulator

P(f23) = \-0(1<2)
P(f23) = 1-0.3589
(1 2 3)

O.641\

0.641I
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n A spinner lands on red with probability p on each spin. It is spun 5 times and X is the number of
times it lands on red.

Given that P(X = 0) = 0.07776
a. show thatp = 04
b. find P(X = 2)

c. find P(X > 4). (6 marks)

a) X = O means no reds e S spins

P(K=0)=(-p)°
-¢)° = 0.077%
F:.ockk root of both scdes

\=p = 0.07776%
\-p = 0.6
p = Oo.%

P =04 as re.tuire.&
b) X ~ B(s, o.4)
P(K=2)=°C2 xo.4*x 0.6°
P(K =2) =10 % 0.6 x 0.2\¢
P(K = 2) = 0.3456

0.34S5¢

c)ASumeansK=4orS

(K =4)=Cu x O.4* X 0.6 = 0.076%
P(K =5) = 0.4° = 0.001024

P(X 2 4) = 0.0768 + 0.01024
P(X24) = 0.08704

0.0%70
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m A seed company sells packets of 30 sunflower seeds. Each seed germinates with probability 0.9,
independently of the others.

a. Find the probability that at least 25 seeds in a packet germinate.

b. Kwame buys 6 packets. Find the probability that exactly 4 of his packets have at least 25 seeds

that germinate. (6 marks)

o) X = aumber °of seeds that 30."M§.ho.t!.
X ~ B(20, 0.9)

P(K225) = \-P(K &2y)
P(X 2 25)
P(K = 25%)

0.9248

| - 0.0T3%2
0.92€%

b) Y = number of packets with at Least 25 Se.rmmo.'(:ms

f ~ B(¢, 0.92¢8)
P(M =41) = ‘Cu x 0.92¢%* x 0.0T>2*>

Use £he uvnrounded value From o)

P(f{ =4a)=0.0593

0.0513
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m The random variable X ~ B(n, 0.25). Given that P(X = 1) = P(X = 2)
a.show thatn =7

b. find P(X < 1). 6 marks)
o.) Write both probabilcties weth "Cr
P(K =1\) =nax 025 %075 "

P(K=2)= M X 0.252 % O0.75""2
2

Set them "7«“’"

NX 025X O.TS""' = @ X O.252X O.TS""2

Oivide both scdes bd nX 025 X 0O.7S""*

07s = ~-| X 0.1.5
2
n =\

%

A=l = 6

O.7TS

n =17

A= Tas re.cLuue.J.
b) X ~ B(1, 0.25)

P(A <)) = P(A=0)+P(K=1)
P(K£1) = 0757+ 7 x 0.25 x 0.75°¢
P(K &1) = 0.334%... + 0.3u46...

P(K £1) = ouuud

O.4uu9
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Ana is an archer. Each arrow she shoots hits the gold ring with probability 0.35, independently of
other arrows. She shoots arrows in rounds of 8 arrows, and X is the number of golds in a round.

a. Find P(X > 3).

b. Find the probability that she gets exactly 2 golds in a round.

¢. Ana shoots 3 rounds. Find the probability that she gets at least 10 golds altogether.
d. Find the probability that she gets at least 3 golds in each of the 3 rounds.

o) X ~ B(8, 0.35)

P(K23) = 1-P(Ke2)
P(K23) = \-o0ou4278
P(K23) = osT22
0.5722
b) Exactly2 qolds

P(K =2) =°%C2 x 0.35% x 04S¢
P(X =2) = 0.25%7

(7 marks)

0.2587

¢) d rounds = 24 independent arrows

T = tokal qolds, T~ B(24, 0.35)
P(T210) = \-2(Te9)

P(T 210) = 1 - 04866

P(T >10)
0.3134

0.3\3%

d) Rounds are cndependent, so multiply
Pleoch rovnd = 3) = 0.5722°

Pleach rovnd = ) = O0.I87>

0.1%7%
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