R Conditional probability

ROBINSON Worked solutions

This topic online

n The events 4 and B are such that
P(4) =04 P(B) =035 PAUB) =06
a. Find P(4 n B)
b. Find P(4 | B)

c. Determine whether or not A and B are independent. Show your working clearly.

o) Additeon rule

P(AUB) = o(A)+0(B)-2(ANB

0.6 = o4 +035s -2(ANB)
P(ANB) = 0.15-04

p(ANB)=ous
b) Condetional probmbitatd

7())
o(h|B) = oI5
0.35

P(A 6) = % = 0.%4219

(4 marks)

) Tadependent o (A N 6) = P(A) X 9(6)
P(A) x P(B) = o4 x0.3s
P(A) x ¢(B) = ouu

O.\4% # 0.\S

A and 6 ore not a.nd.e.pe.mle.nt
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n The table shows how the 200 students at a sixth form college travel to college.

Bus | Car | Walk | Total

Year 12 | 38 22 30 90

Year 13 | 42 40 28 110

Total 80 62 58 200

A student is chosen at random.
a. Find the probability that the student walks to college.
b. Given that the student travels by car, find the probability that the student is in Year 13
c. Find P(bus | Year 12)

The event W is that the student walks and the event T is that the student is in Year 12

d. Determine whether or not W and T are independent.

(5 marks)
o)
P(wm(.l) = S8
200

29
P(walk) = — = 0.29

\OO
b) GFuven car: DALD vee the Coar columa (62)
P(‘fe.o.r 13 c.o.r) = 40

62

P(feor 13 l car) = 13—? = 0.445

¢) Given Yeor 12: OALJ vse the Yeor 12 row (10)
P(bus | Yeariz) = 3%
90
P(ous | Year1iz) = 1 = ou22
“s

4) Compare P(\W N T) with (W) x 2(T)
p(WNT) = 30 = 0.I1S

200
(W) = S8 _ g
200
(T) = ‘l—o = 0.4§
200
P(W) x 2(T) = 0.29% o.45
P(W) x P(T) = o.30s

0.1305 # O.IS
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W and T are not iad.zpe.nde.n‘k
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B The events A and B are such that
P(4) =045 P(B|A) =04 P nB)=0.25

a. Draw a Venn diagram to illustrate the events 4 and B, giving the probability for each region.

b. Find P(4 | B)

c. Determine whether or not A and B are independent.

3

0.25

o.) Mo(.t'\p(.a.c.o.tion rule

p(ANB) =
p(ANBG) =
p(ANB) =
P(A on(.:)) =
P(A MLJ) =

AcL fFour reqeons add €o

9(6 M‘LJ) =
9(6 OALD) =

o | A) x P(A)
O.4 X O.4S

0.\%

0.45 - O.I%
0.27

|- 0.27 - 0.% - 0.25
0.30

A ont y 027,

ANG 0.1%, ® ol\(.:) 0.30, ovtside 0.25

b)

()

o(A|€>) =

0.\% + O.3%0 = O.4%
(A NB
P(6)

o(h|B) = o8
o.4%
e(A|B)=031s

e)

P(A) x P(B) = o.us x ou8

(6 marks)
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P(A) x p(B) = 0.2v¢

0.2\¢ # 0.1%

A and 6 oare not a.nd.e.pcnd.e.at

When Leila serves in tennis, her first serve is in with probability 0.6. If her first serve is in, she wins the
point with probability 0.7

If her first serve is out, she takes a second serve. Her second serve is in with probability 0.9 and, if it
is in, she wins the point with probability 0.5. If her second serve is out, she loses the point.

a. Find the probability that Leila wins a point when she serves.
b. Given that Leila wins a point, find the probability that her first serve was in.

c. Given that Leila loses a point, find the probability that both of her serves were out.

o) Two we. ys to win the po:.n'(‘:
P(\st in and win) = 0.6 X O.7T = O.42

P1st ouk, 20d ¢h, win) = O4 X 0.9% 0.5 =0.18
P(win) = OM42 + 0.8

P(win) = O
b) Conditeonal probabelety

Plist cn | win) = PlstinN win)
P(wen)

Plret cn | win) = OM2
0.6

P(1sk in | win) = 0.7
)

P(Lose.) = |=-04=0M4

P(both cut) = 0.4+ x O.1 = 0.04
6oth ot means she must Lose the pou\‘k

P(both out ‘ Lose) = O.O%
o.4

P(both ouvt (.ose.) = 0.\

(6 marks)
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a The Venn diagram, where p, q and r are probabilities, shows the events 4, B and C and their
associated probabilities.

a. State a pair of mutually exclusive events.
Given that P(B) = 0.4 and that the events B and C are independent,
b. find the value of q
c. find the value of p and the value of r
d. Find P(4 | B
e.FindP(Bn C'|AU ()

3 A B

0.08

(8 marks)

DP(ANC)=0
A and C

b) B and C cndependent: (BN Q)= 0(6) x P(C)
BNC) = 4

p(C) = 0.7 + 9

9 = o.4(0.1s + 1)
g = 0.0¢ + O.'-\-l
O.‘i

0.0¢

9 = O.l
¢) Use 9(6) = 0.4

0.08+p+q = 04
0.0%+p+0O. = OM4

P = 0.22
AL probabelities add tol
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r = 1-(042 +0.08 +0.22 +0.l+0.5)
r = \1=-0.417

= 0.22, r = 0.33

d)
p(A N &)
P(B) = 1-o4=0s¢
P(A I ®) = ou2

o.12

0.6

P(A 6') = 0.2

!.) The po.rt of 6 N C' hak Lies cascde AU C

P(AUC) = 0.2 +0.08 + 0.1 4+ OIS = O.4S
BNCNAUCL)) = o.0s

P(6ﬂC‘|AuC) = 0.08
o.u4s

PBNC|AUC)= }s = 0.78
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n For the events 4 and B,

P(4) =03 P(B|A)=05 P@A|B) =025
a. Find P(B)

b. Find P(4 U B)

c. Find P’ | B)

o.) Fund p(A N 6) }arst
PANB®) = 2B | A)x p(A)
P(ANB) = osxo3=o0ls

(A |B) = PCA 8)6)
P(

o5 = 0.5
(®)
/(B) = o015
0.25

o(B) = o

b) Addition rule
P(AUB) = 03+0c-0us
p(AUB)=o0.75
) AN B (s outside both events
P(ANNBY = 1-075 =025
9(6') = 1=-0.46=04
(A | &) = 023

Oo.%

e(A' | B) = 0425

(6 marks)
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Hamza has two bags of beads. Bag X contains 6 red beads and 4 blue beads. Bag Y contains only red
beads and blue beads.

Hamza takes a bead at random from bag X and then a bead at random from bag Y. The probability
that both beads are blue is 0.12

a. Find the probability of taking a blue bead from bag Y

b. Complete the tree diagram.

c. Find the probability that the two beads are different colours.

d. Given that the two beads are different colours, find the probability that the bead from bag X was

red.

Bag X Bag Y
Red
/ 0.3 Blue

0.6
Red
0.4
\ Blue 0.7

0.3 Blue

u) Let y= P(blue From ba.3 \/)
P(blue From X) = M- o4
10

o.12

O.'-}xy

J=O'3

L) 60.3 Y does not depend on bag X
X:R 0.6, 6 04 1:R 0.7, 6 0.3 on both branches

¢) Red then blue, or blue then red

P(J.a.l.l.e.re.nt) = 04X 03+04x%0.7
Pldcg oce.ru\t) = 0.8 + 0.2%

P(d.iococe.re.nt) = 0.4¢

d) Conditional probmb&(.t.t:)
(K red

J.ioc.oce.re.at) = 0.8
O.4¢

P(K red | d.:.octe.ru\'l:) = 113 = 0.39

(7 marks)
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n The events A and B are independent, with P(4) > P(B).
P(AnB)=012 PAuUB)=0.58
a. Find P(4) and P(B)
b. Find P4’ | B)
c. Prove that, for any two independent events A and B, the events 4 and B' are also independent. (7 marks)
DLetP(A)=a,P(®) =1
Tadependent: /(AN B) = ¢(A) » ¢(B)

oo o.12
PAddction rule

atb-ab = 059

atb=-012 = O.S%
atb = 0.7
b = 0.7-a
o(0.7 - o.) = 0.\2

a2 =0.Ta+0Il2 = O
(o m0o4)(a-0.3) = O

o = OM4ora=0.3
P(A) k4 0(6), so take the La.rse.r Vvalue For p(A)

P(A) = o.4, (B =03

b) In&e.pc.mle.nt, %0 lnowina B does not chu\ae. A’

o(A | B) = o(A)
P(A' | B) = 1-0om
(A | B)=o0x
) A s splet cnbtc AN B and AN B
P(ANB) = o(A)-o(ANB)
P(ANBY = p(A) - p(A)(B)
(AN B = (A - 0(0))
(AN B = o(A)(B)

So A and B' are independent
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n A leisure centre has 500 members. The table shows the age group of each member and whether or

not they live in the town.

Lives in town

Lives outside town

Junior 120 30
Adult 160 90
Senior | 60 40

Of the members, 60% of juniors, 30% of adults and 20% of seniors swim, wherever they live.

A member is chosen at random. The event J is that the member is a junior, S that the member swims
and T that the member lives in the town.

a. Find the probability that the member is an adult who lives outside the town.

b. Complete the Venn diagram for the events J, S and T, giving the probability for each region.

c. Find P(S| 1)
d. Find P(J | S)
e. Find P([Su T1)

«)

J S
0.096
T
0.19
P(a.dul¥ ovtside town) = E
S00
o.1%

b) Count members wa each reqeon
JNSNT:046%x120 = T2
JNSNT:06%x3%0 = 12
JNS'NT:\20-72 = 4%

J on(.:): 30-18 = 12

SNT o(\Lyt 0.3 X160 +0.2%X¢0 = €0

(9 marks)
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S onLJ: 0.3%x 90 + 0.2 x 14O 3S
T only: (160 - 42) + (60 - 12) = KO

ovtside: (0 -27) + (4o -8) = 95

Checl: 72 418 + 42 +12 + 60 + 35 + 160 + 95 = SOO

Ouvide each bd S00

JNSNTouwmu, I NS onLY 0.03¢, J N Toenl y 0.09¢, J onl y

0.024,SN T OI\LJ 0.2, S onlY 0.07, T on(.:) 0.32, ovtside 0.19
¢) Given T: 340 members Live in £own
(s | 1) = (72 +¢60)
340
132
340

(S| T)

(S| T)= 5% - o38e
%s

d) GFiven S

swimmers = 72 +\2 + 60 + 35 = \29

o3 | s) = (72 +18)
137

(3 I S) = % = O.4%¢

e) (Le.aaoas ovtside both S and T
P([SUT]) = o0.024 + 0.9

P([5UT]) =02
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m A company estimates that 15% of the emails it receives are spam. Its filter labels a spam email as
spam with probability 0.9 and labels a genuine email as spam with probability 0.05

a. Find the probability that a randomly chosen email is labelled as spam.
b. Given that an email is labelled as spam, find the probability that it is actually spam.

c. Two emails that have been labelled as spam are chosen at random. Find the probability that
exactly one of them is genuine.

d. The company says that the filter is “right 90% of the time”. Use your answer to part (b) to
comment on this statement. (7 marks)

a) S = spam, L = Labelled as spam

P(L) = e(SNL)+e(S'NL)
P(L) = 0.5 x 0.9 + 0.85 x 0.05
P(L) = 0.35 + 0.0425

(L) = 0a17s

b) Condctional probo.bi(.:.tv

P(L)
0.135

0.1715
(S |L) = o.7¢os¢...

(s | L) =0.7¢

o) For o Labelled emacl P(au\umz) =|-0.7605¢ = 0.23944

p(s | L)

Genvene then spam, or spam thean genuine

Plexactl y one 3e,nume,) = 2 X 0.76405¢ x 0.23944

p(e..z.o.ct(.:j one Se.mn.ne,) = 0.36%
d)
On(.j 76./0 of emocls Labelled spam are Spo-m

Pbout | in 4 Labelled emails cs genuine, so the claim is

mi.s(.e.o.d.ma
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m The events 4, B and C are such that B and C are mutually exclusive. The Venn diagram, where x and y
are probabilities, shows the probability of each region.

a. Find the greatest possible value of P(B | A)

Given also that A and C are independent and that A and B are not mutually exclusive,
b. find the value of x and the value of y
c.find PAU B|C)

d. Use set notation to write down an event with probability 0.2

3 A B

oY,

0.25

(8 marks)
Total probabi(.i.t:, es \

ONS +x+ 0.2 +0.1+Y+025
.z+J = 0.3

o)
P(A) = oS+ +01 =025+

(% | A)

ol
(0.25 + x.)

Thes increases as X whcreases, and the (.o.rﬁe.st x can be ¢s 0.3

(b |A) = O3
0.SS

greatest P(B | A) = \i| = 0.5u4S

b) A and C cndependent: (AN C) =P(A) x P(C)
P(ANC) = o
PC) = ol4y=ou-x
(0.25 + x)(o4 - x) = 0.
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0N+ O0.Sx = x* = 0.\
x*=-0I15x = O

z(x -015) = ©
A and & not mukuo.(.(.:j exclusive, so x # O
x = O.IS

= 0.% -0.I1S
I_i = 0.5, y=0is
e) Regeons op AU B outscde C
P(C") = 1-(o0+045) =0.75

P(AUBIYNCY) = ous+ois+02=05S
o(Aub® ‘ C) = Os

O.7S

p(Au6|c,')=£
3

d.) 0.2 is in © but nok cn A

BNA
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m A factory makes bike lights on three machines. Machine A makes 50% of the lights, machine B makes
30% and machine € makes 20%.

Of the lights made on machine 4, 2% are faulty, and of the lights made on machine C, 5% are faulty.
The percentage of lights made on machine B that are faulty is k%.

Given that a randomly chosen faulty light was made on machine B with probability 0.36,
a. show that k = 3.75
b. find the probability that a randomly chosen light is faulty.

The lights are packed in boxes of 40, chosen at random from all the lights made.
c. Find the probability that a box contains more than 2 faulty lights.

d. A box is found to contain exactly one faulty light. Find the probability that this light was made on
machine A.

| 1
a)Letd= = . P(J.o.o(.{:y I 6)

P(F) = 0.5 % 0.02 + 0.3d + 0.2 X 0.05
P(F) = 0.02 + 0.34

o&[F) = o
(0.02 + 0.34.)
0.3d

034 = 0.3¢
(0.02 + 0.34)
0.3d = 0.0072 4 O.I0%d
0.\92d = 0.0072
d = 0.0375
k=375

)
P(F) = 0.02 + 0.3 x 0.0317S

P(F) = o.03\125

¢) X = aumber o F FooLty Leghts wn o box

= X ~ B(uo, 0.0%125)
P(K>2) = 1-P(K&2)
P(K>2) = 1-0.8718
P(X > 2) = o.29

d) The oc.o..u(.t:) L:.al\t LS one J,mu(.'l::, L:.aht chosen at random
P(A | F) = OS5 x002
0.0%\29
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P(A I F) = 0.0l
0.03\2S5

P(A F) = 0.32
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