Normal approximation and hypothesis [
tests with the normal 7

Worked solutions

ROBINSON

This topic online

n The random variable X ~ B(200, 0.3)

a. Explain why a normal distribution can be used as an approximation to the distribution of X
b. Write down the mean and the variance of this normal distribution.

¢. Use the normal approximation to estimate P(X < 55)
a)

A LS Lo.r;e. and p s not €oo close £o O or |

(5 marks)

b) Mean ap, variance ap(\ - p)

L = 200 % 0.3 =4O

O* = 200X 0.3x 0.7=42
Y ~ N(¢o, 42)
) Contenuck y eorrection: X & 55 cacludes all of 55
P(L & 55) = P(f < s55.5)

(1 2 555) = prz < (S35 -¢0)
$2

P(f «¢55.5) = P(Z ¢ -0.¢944)
P(X &£ S55) =~ 0.2437
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n A courier firm claims that its delivery times, in minutes, are normally distributed with mean 45 and
standard deviation 8. A manager believes that the mean delivery time has increased. A random
sample of 25 deliveries has a mean delivery time of 47.9 minutes.

Assuming the standard deviation is still 8 minutes, test, at the 5% level of significance, whether there
is evidence to support the manager's belief. State your hypotheses clearly. (4 marks)

= mean M.Lwe.rd time (menvtes)
Ho: v = us
Hi: 7 4s

Under Ho, £he sample mean is normal

K=bar ~ N('-}S', 3_1)
9

K-bar ~ N(us, 1.62)
P(K-bar 2 47.9) = 0.0350

Compo.rb with the s:.sm.cc:.co.r\ce. Level

0.0350 £ 0.05

Staniocu.u\‘l:, s0 rzje.:.t Ho

Evidence that the mean d.e.(.we.rj time hos tacreased

robinsontuition.com/a-level-maths-topics | free AS and A-level maths worksheets with hand-written solutions | Robinson Tuition Page 2 of 13



n The lengths of a species of fish in a river are normally distributed with mean 28.0 cm and standard
deviation 3.2 cm. A biologist believes that the mean length of this species in a nearby lake is
different from 28.0 cm. She assumes the standard deviation is also 3.2 cm in the lake. A random
sample of 40 fish from the lake has a mean length of 28.9 cm.

a. Test, at the 5% level of significance, whether there is evidence to support the biologist's belief.
State your hypotheses clearly.

b. Find the p-value for this test. (6 marks)
) L = mean (.e.nath on the Lake (cm)

Ho: v = 28

Hi: L # 218

Under Ho

2
K-bar ~ N(28, 32 )
40

Tesk statistic
2 = (2.9-12%)
(3.2/1 wo)
2 = L7799
Two-tacled S%: 2.5% ca cach tacl

critical valves = :\.1‘
.78 € 1.9¢

Not in the critical reqeon, o do not reject Ho

Insuitactu\t evidence that the mean Luxa‘kk ch the Lake s

&&J,J,e.re.n‘k

b) Two-tacled, so dovble the tacl
P(K-bar 2 28.9) = 0.037¢
p-valve = 2 x 0.037¢

p-VaLuz = 0.0753
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n The lifetime of a type of battery, in hours, is normally distributed with mean p and standard
deviation 1.5. The manufacturer claims that u = 20. A consumer group suspects that the mean
lifetime is less than 20 hours and tests a random sample of 16 batteries.

a. Using a 1% level of significance, find the critical region for the sample mean X.

b. The mean lifetime of the 16 batteries is 19.2 hours. Using your answer to part (a), state the
conclusion of the test in context. (5 marks)

o) Ho: pt =20, H1i: ;L € 20
Under Ho
IL.s2

14 )
X-bar ~ N(20, 0.3752)
Lower tacl with 1%

P(A-bar < c.) = 0.0\

(c - 20) = =2.324%
0.37S
¢ = 20 -0.379 % 2.3263

K=-bar ~ N(20,

e = 19276

critical rbsuml K-bar <1903
b)
19.2 719,13

Not in £he critical regeon, so do not re.:)e,c.{: Ho

Iasuacacac:.e.nk evidence that the mean L:.ocvhame, cs Less €hon
20 hours
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a In a large survey, 45% of adults said that they cycle at least once a week. A random sample of 60
adults is taken and X is the number who cycle at least once a week.

a. Find P(X = 27) using a binomial distribution.
b. Use a normal approximation to estimate P(X = 27)
c. Find the percentage error in using the approximation in part (b).

d. Use a normal approximation to estimate P(20 < X < 30) (6 marks)

o) X ~ B(¢o, o.us)

P(K=27) = ®°C27 x 045> x 0.55%

P(X = 27) = 0.03

o) = ap, 0% =apll - p)
= 60X OM5 =27

O = 60 % O.4F % O.55 = \4.9S
Y ~ N(27, \4.95)

Coﬁkiﬁu;tv correction J;or o 5"“3L° value

P(K =27) =~ P(2¢.5 ¢ < 275)
P(K =27) = 0.0%2

c)
herror = (0103236 - 01030%9)
0.1030%1
/ erfor = O.\% /
d) 20 £ X € 30 means X = 20, 21, ..., 29

P(r0 & xcso)NP(nsc‘fcz‘ls)
(20 £ X < 30) = O0.1\S1
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n A garden centre states that 72% of its sweet pea seeds germinate. Seeds germinate independently.
a. Darius plants 25 of the seeds. Find the probability that at least 20 of them germinate.

b. The garden centre plants 400 of the seeds. Use a suitable approximation to find the probability
that more than 300 of them germinate.

c. Give a reason why the approximation in part (b) is suitable. (6 marks)

o) X ~ B(2s, 0.72)
P(K 2 20) = \=-P(K<£19)
P(K 2 20) = \-O.TH\S

P(X = 20) = 0.25%S
L) ¢ ~ B(400, 0.72): approximate with a normal
L = 40O x 0.7L = 2%%

O = 40O % 0.72 x 0.28 = %0.¢4

Y ~ N(22%, 80.64)

More than 300 starks at 30\, so use 2300.5
P(¢ > 300) = ¢(\ > 300.5)

P(f > 300.5) = prz » (3005 - 2%%)
1 8o.¢w

P(M > 300.5) = P(Z >1.3920)

P(G > 300) =~ 0.0820
¢)

nLs La.rae. and ¢ ¢s not close €o O or |
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A machine fills bottles with water. The volume, in ml, in a bottle is normally distributed with mean p
and standard deviation 4. The machine is set so that p = 500. A quality manager will test Hy: u = 500

against Hq: g < 500 at the 5% level of significance, using a random sample of n bottles.

a. The sample mean is 499 ml. Find the least value of n for which this sample mean would lead to
Hg being rejected.

b. State one assumption you have made about the standard deviation.

o) Under Ho

(5 marks)

X-bar ~ N(s00, )
()

Lower tacl 5'./°$ critical 2 = -1.6449

(+/1n)
A, -1.6449
I-..
a

< -1.6449

AR

{Taves19u
A > 494329

A must be a whole aumber

n =44
b)
O s stll 4 mL when £he mean cl-somﬁe.s
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n The resting heart rates, in beats per minute, of adults in a town are normally distributed with mean
72 and standard deviation 9. A sports scientist believes that members of a running club have a lower

mean resting heart rate. A random sample of 30 members of the club has a mean resting heart rate
of 68.4 beats per minute.

a. Assuming that the standard deviation for members of the running club is also 9, test, at the 1%
level of significance, whether there is evidence to support the scientist's belief. State your
hypotheses and the critical value of your test statistic clearly.

b. Explain why the sample mean has a normal distribution.

c. State, with a reason, whether the conclusion would be different at the 5% level of significance. (6 marks)

o) L = meon N.s‘k:.ns heart rate of club members
Ho: ®w =72
Ha: W <72

Under Ho
2

K=bor ~ N('??., —
30
Tesk stakeskic
2 = (¢%4-172)
(/1 20)
2z = -2.1909
1 Lower kacl: P(Z < 2) = 0.01

critical Valuve = -2.3263
-2.19 > -2.32¢3

Not in the critical re.aicm, so do not re.J'Lo't Ho

Insuococacae.nt evidence ot I‘/- of o Lower mean heart rate For
runners

b)

Heart rates are normal, so the mean of o rondom sample cs

normo.l

) S Lower £acl critical value = =1.6449

2.9 £ 164w

Yes: ot % Ho would be re.")e.d:e.d.
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n The masses of eggs from a farm are normally distributed with mean 65 g and standard deviation 2.5
g. The farmer changes the feed given to the hens and wants to test whether the mean mass of the

eggs has changed. She assumes the standard deviation is unchanged and takes a random sample of
20 eggs.

a. Write down suitable hypotheses for this test.
b. Find the critical region for the sample mean X, using a 1% level of significance.

c. The sample mean is 66.5 g. State the conclusion of the test in context.
d. Find the p-value for this test. (7 marks)
m) (./L = MeoNh MmasS ooc 0335 (3)

Ho: = 6S

Hi: o # €5
b) Under Ho

K-bar ~ N(¢s, 2'52)

stondard error = 2.5 = 0.5590
j 20
l’/‘ two=tacled: 0.5./' wn each tacl

2 = =2.575%
Lower = 4S5 = 2.575% X O.5590 = £2.560I

vpper = ¢S +2.575% x 0.55%0 = ¢6.4319

K-bar € ¢3.5¢ or A-bo.r > 66.44
e)
6.5 V> (4.4Y

Tn the crctical region, 3o reject Ho

Evidence that the mean mass of the e.las has ckomaul.

d) Two-tacled, so dovble the tacl

P(K-bar 2 66.5) = 0.00%6
p-volue = 2 x 0.0036

p-va(.ue. = 0.007%
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m A company makes LED bulbs. Each bulb, independently, has a probability of 0.08 of being faulty.

Bulbs are made in large batches. A random sample of 500 bulbs is taken from each batch and the
batch is accepted if fewer than 50 of the sample are faulty.

The company aims for at least 95% of batches to be accepted.
a. Using a normal approximation, find the probability that a batch is accepted.
b. Explain whether the company is likely to achieve its aim.

c. Suggest one change to the acceptance rule that would help the company to achieve its aim.

o) F = aumber oco.u(.ty in the sample
F ~ &(s00, 0.08)
[t = SOO % 0.08 = 4O
O* = SOO % 0.08 x 0.92 = 3.
Y ~ N(40, 36.8)
Fewer thon SO means F £ 49, so use 445

P(F < 50) =~ (1 <« 41.5)

P(f < uis) = (435 - 40)
(Z < 1 2.8 )

P(f <« 44.5) = P(Z <« \.5¢0)

Ploccept) = 0.9413
b) Compare with the to..rae.t
0.9%13% < 0.5

Un(.:.kz(.y o achieve the aim

¢) Check a h:.she.r Lemek
P(F <« s2) = (1 < 51.5) = 0.970
0.97o > 0.9s

Acczpt of fower thon S2 are J;muLkJ
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m Climbing ropes from supplier A have lengths, in metres, that are normally distributed with mean p
and standard deviation 0.5. Given that 10% of these ropes are longer than 25.6 m,

a. find the value of y, giving your answer to 2 decimal places.
b. Find the proportion of ropes from supplier A with lengths between 24.5 m and 25.5 m.

Supplier B says that its ropes are longer on average than those from supplier A. The lengths of ropes
from supplier B are normally distributed with standard deviation 0.5 m. A random sample of 15

ropes from supplier B has a mean length of 25.21 m.
c. Stating your hypotheses clearly and using a 1% level of significance, test whether the mean
length of the ropes from supplier B is greater than your value of p (9 marks)

a) 10% above 25.6, so 0% below

(256- 1) = 129w
o.s

25.6 - 0.5 % 1.2%16

[
[

24.9592

= 24.9¢
b) L ~ N(24.9¢, 0.52)

P(24.5 < L <« 25.5) = 0.48

¢) L = mean Leaatk of supplier & ropes
Ho: o = 24.%¢

Hi: o > 24.9¢
Under Ho
0.5*
)

K-bar ~ N(24.9¢, ———
5

2 = (25.21-24.9%)
(os/1L1s)

z = \.9%¢S

Y voper tacl

critical valve = 2.3263
L% € 2.3243

Not in the critical reqeon, so do not reject Ho

Lasup picient evidence that suppleer B ropes are Longer on

a.Vcrmse,
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m An airline finds that each passenger who books a seat on a flight turns up with probability 0.92,
independently of other passengers. A plane has 180 seats and the airline sells 190 tickets for a
flight.

a. State one reason why the assumption that passengers turn up independently may not be
realistic.

b. Using a normal approximation, find the probability that more passengers turn up than there are
seats.

After a change to its booking rules, the airline believes that the probability of a passenger turning
up has decreased. On a random sample of 250 bookings, 222 passengers turned up.

¢. Using a normal approximation, test at the 5% level of significance whether there is evidence to
support the airline's belief. State your hypotheses clearly.

o)
G'roups of J:.o.m:.(.:.e.s travel toazthe.r, $0 'tke.y tura up of miss

{:oae.'l:he.r

b) T = aumber who turn up
T ~ B(190, 0.92)
K = \9o x 0.92 = I74.%

(10 marks)

O0* = 190 x 0.92 x 0.08 = 13.9%4
Y ~ NOT4.8,132.9%)

More than 180 starks ot 181, so use \%0.§
P(T >\w0) = (1 > 180.5)

(1 >130.5) = oz » (1805 - 174.9)
T asy

(M >1%0.5) = P(Z > \5243)
(T >180) = 0.0637

c)ep= probability o passenger turas vp
Ho: p = 0.92
Hi: p € 0.92
Under Ho, X ~ B(250, 0.92)

K = 250 x 0.92 = 230

O* = 250 % 0.92 X 0.0% = 18.%
Y ~ N(230, 18.4)

Contmuitj correction: X € 222 becomes f € 222.5

P(K & 222) = P(f «222.5)
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P(f < 2228) = prg o (2225 - 2.30))

I ou
P(1 <«222.5) = P(Z <« -\.T4%)

P(f < 222.5)
0.0402 < 0.0S

0.0402

Saamocico.n'b, so reject Ho

Evidence that the probability op Luraing up has decreased
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