Algebraic division and the factor
theorem

Worked solutions

ROBINSON

This topic online

n fix) =2 3 4+ x2 - 13x + 6. Use the factor theorem to show that (x + 3) is a factor of f(x). (2 marks)

Factor theorem: (x +3) cs o gactorcg c(-3) =0
}(-3) = 2(-3)% + (-3)2 - 13(-3) +
;(-3) = -S4 +9+4391+4¢
F-3) = o

I-("S) = O, %o (x + ‘S) is o ocactor

a Given that (x + 1) is a factor of X +2%%-5x-6
a. divide x> + 2x% - 5x - 6 by (x + 1)

b. hence factorise x> + 2x% - 5x - 6 completely. (4 marks)

o.) A(.ae.‘ormic. Lons division bj (< + I)

2= x?

x(x +1) = 2+ 22

svbtract, Leo.v'm3 x*=-Sx -6
't x=x

x(x + l) =2+ x

subtract, (.e.o.v:.na -¢x -6
“bx + x=-¢

(2 +\) = -6

subtract, (.e.o.vu\s (o)

x*+tx-¢

b) Factorise the 1uo{:aznt
xttx-6 = (Jt.+3)(x.-2.)
(x 4+ \)(x43)x-2)
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a gx) = x> — 4x% + kx + 10, where k is a constant. Given that (x + 2) is a factor of g(x), find the value of

k. You must make your method clear. (3 marks)

Factor theorem: (x +2) s a J,o.c'(:or s0 3(-1) =0
(-2)° - w(-2)2 + w(-2) +10

-2 -16-2k t 10

H—

o

o

-4+ =-2% % O

+14 2k F 14 MH
=2 'Y T -7 =1
k=-7
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@D -23-52-4x+3

a. Show that (x + 1) is a factor of f(x).
b. Hence factorise f(x) completely.

¢. Write down all the solutions of f(x) = 0 (5 marks)

&) Foctor £heorem
F) = 2(=)° - s(=1)* - u(=1) + 3
,,C(") = -2-5+4+3=0

o(;(-I) =0, %o (x + l) LS o J,o.c'(:or

b) Ouvide J'("‘) bd (x +1)

2x®+ x =27
Z.x.z(.x. + \) =2x> 4 2x?

subtract, Le.ou/&.l\s -Tx*=-4x+d

“ITx* > x=-Tx
“Txlx 4+1) = =7x> - Tx

svbtract, Leaving 3 +3

3t x=3
3(x + I) =3x +3
subtrack, Leaving ©

,,C(J") = (x+)(2x*-Tx +3)
Foctorise the 100.&(‘0.“:'\4:2 Lxy=¢, ocmckors =€ and -l

Fl=) = (x4 (22 = D(x = 3)
(x + I)(Lx - \)(.x. - 3)

¢) Set ecach J;o.c.tor e.iuo.(. o 2zero

x=-\, = —, =3

|
2
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a Given that x> — 7x — 6 = (x + 1)(x* + px + q), where p and g are constants,

a. find the values of p and q

b. hence factorise x> - 7x - 6 completely. (4 marks)

o) Expand the right-hand scde

(.x.*l)(.x.z*p.x.'i'") = .x."“'\'p.zz'l'"x*.z"*px*"
= -&3“’(9'“)"'1*(?*1,)3"*1

Compoa.re coe fpecients with 2 4 Ox® - Tx - ¢

2" p*\=0=> p ==\

consftant: 9 = -6

Check x terms

ptg = —14(-¢)=-7

p= -\, q = -6
b) Factorise x2 =2 -6

xt=x=-6 = (.:."3)(3(.'*?.)
(x +1)(x -3)(x+2)
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n fx) = x> - 2x° - 5x - 12

a. Use the factor theorem to show that (x - 4) is a factor of f(x).

b. Write f(x) in the form (x — 4)()(2 + bx + ¢), where b and c are integers.

c. Hence show that the equation f(x) = 0 has exactly one real root. (5 marks)

«) Foctor theorem
ac('*) = 9d-2(4)?-s(4) -2
J,(H) = 64-32-20-12=0

oc.('-&) = 0, %o (.x - H-) LS o aco.ctor
b) Ocvide b y (- 4)

o« 2
.&3‘.1’=.&

.z"(x - '-}) = x3=-ux?

svbtract, Le.o.vu\a 2x* = Sx - 12
2xttx =22

l.x.(.z - '+) =2x?-2x

subtract, Le.cuvu\a 3x -\2

Ix+tx=3
x-w)=3x-12

svbtract, (.zo.v'ma o

(= a4)(x?+2x +3)

c) Ocserimenant of the ium&.ro.‘hc. cco.c'bor
b - 4ae = 2% - 4(\)(3)
b’=Yac = 4 -\12=-9

-9 <€ 0,% x*+t2x +3=0 has no real roots

the on(.y reol root o x =«
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f(x) = x> + ax® + bx - 12, where a and b are constants. Given that (x - 3) and (x + 1) are both factors
of f(x),

a. find the values of a and b

b. factorise f(x) completely. (6 marks)

o) Fackor theorem wikth x = 3
27+ 9 +3b -12 o
9% + 3D -IS
=3 3at+tb § -5 3
Foctor theorem wikh x = =
-I1ta-b-12 = 0O
a=-b =13

Add Ehe two elumtioas to eliminate b
Yo = %

o = 2

= -5 -3(2) = -1

a=2,b=-\

) Two gactors mulkepl y to o guadratic pactor
(x=-3)(x+1) = x>=-22-3
The therd factor must make x® and =12
P42 =Nxe =12 = (x2=2x-3)(x+w)
Check the x* term: 42? - 2x* = 222

(x - 3)(.:. + \)(.z + '-})
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n f(x)=x3—x2—8x+12

a. Show that (x — 2) is a factor of f(x).
b. Factorise f(x) completely.

c. Sketch the curve with equation y = f(x), showing the coordinates of the points where the curve
meets the coordinate axes.

(6 marks)
«) Foctor theorem

J.(z) =8-4-w¢+l12=0

oc,(?-) = 0, so (Jt. - 2.) LS o oc,ou:.‘l:cu‘

b) Ouvide bJ (x - 1)

x*:x=2at

x(x=-2)= 2= 2x2
subtract, Leaving xt=%x t12
x*tx=x

x(x-2)==x*-2x

svbtract, (.e.a.\lu\S -6x +\2

-6x + x=-¢

~(x-2)=-€x +12

svbtract, (.e,o.\/‘ma o)

oc(‘) = (2 -2)(x?+x-6)
oc(x) = (2 =-2)(x+3)(x~-2)

(x - 2.)"(.:; +3)
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c) (lepeo.te.d. root ot 2: £he curve touches the x=axcs

5:.03(.0. root ot =3 crosses; J-'mte.rr.&p‘k 0;(0) =12
see the sketch
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n gx) = 3x3 - 7x% + 2x + 2a, where a is a positive constant.
Given that (x — a) is a factor of g(x),
a. show that a(3a — 4)(a-1) =0

b. For the integer value of g, solve g(x) = 0, giving your answers in exact form. (7 marks)

o) Factor heorem: g(a) =0
3270 420 +2a =
%= 7a* + 4o =
a(3a?=Ta + 4)
o(3a = 4)(a - \)

shown

"
o O 0 o

b)o.’O, soo.=%oro.=l3 the u\tc.su‘ Valve ts o = |

3(3:.) = 3x3-Tx’4+2x+2
Ouvide bd (x-1)

3tk =3t

3x%(x =1) = 3? - 32
svbtract, (.e.o.v‘mﬁ -4x®*+2x +2
“Yx®t x = -4x

“Yx(x - \) = -4x® 4+ Yx
subtract, (.e.ou/:.ns “2x + 2
-2xtx=-2

-2(x=1)=-2x +2

svbtract, Le.o.vu\a o)

3(x) = (x-\)(3x"-4x=-2)

Quuadratic }ormu(.o. ondx* -4 -2=0

x = 2006 +249)
¢
<= 4=2l0

¢
»>
)

2+J 10 2-1 0
_—

X=\,,x=
3 3
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m The curve C has equation y = f(x), where f(x) = X+ px2 + gx + 6 and p and q are constants. Given
that (x + 2) is a factor of f(x) and that C passes through the point (2, -4),
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a. find the values of p and q

b. hence find the coordinates of the points where C meets the x-axis.

o) Fackor theorem: 0;(-2.) =0
-8+4p-29 +6 F O
“p - 11 2
2 20 - q | =2
Pounk on the curve: £(2) = -4
b+ 4p+ 29 +¢ -4

L}p + 2.1' -18
+2 2_9 + 1 -9 +2
Add the zlumt&.ons
Yp = -2
p=-2

9 = ?.p-l=-5’

p=-2_31’=-5'

b) Ocvide x3-2x2-Sx + 6 by (x + 2)

x*rx=x?

2(x +2) = 2% + 22>

svbtract, (.e,o.vina “4x*-Sx + ¢

“Hx®tx = =4x

“4x(x +2) =-4x®-8x

subkract, (.e.o.\/u\3 Ix +¢

3x :x=3

Ux+2)=3x+¢

svbtrack, (.e.mvu\s (o)

f’(") = (x+2) (x> -4z +3)
J’("") = (x4 2.)(.::. - I)(.x - 3)

(-2, 0), (\, 0), (3, 0)

(7 marks)
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m In this question you must show all stages of your working. Solutions relying entirely on calculator
technology are not acceptable.

a. Show that the equation 8% - 7(4%) + 14(2¥) - 8 = 0 can be written as w - 7u® + 14u - 8 = 0,
where u = 2¥

b. Hence solve 8% — 7(4%) + 14(2X) -8 =10 (6 marks)

o.) Wr;.h. e.ve.ry power as o power ooc 2%

8* = (23)*=(2%)* = ¢
(zz)a. - (zac)z = Uz

O

“3-

i Tvi4i4u-9

showa

b) Trj small values: v =\
l=-74\+-% = O
So(u=1)csa oco.otor. Ouvide

vPru=u?

0(v = 1) = v® - ?

subtrack, Leaving -6u* tI14u -9
=6 T u==6u

=6u(u = 1) = =6u? + ¢u

subtract, LQ.M/:.AS w-9%
Buzu=18

8(u-\)=2%u-9%

subtract, Leaving O
(v=1)(v2-6uv+9%)

(b-Dv-2)v-4) =

vV = 1,20r 4

"
o

C/komaz back: 2= v
2" = | > x=0
2" = 2=

2* = 4o x

"
»
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m A joiner in Glasgow makes a wooden storage box in the shape of a closed cuboid. The box has
length (x + 4) cm, width x cm and height (x — 1) cm. The volume of the box is 96 cm3.

a. Show that x> + 3x% - 4x - 96 = 0
b. Use the factor theorem to show that (x - 4) is a factor of x> +3x% - 4x - 96

c. Hence show that x = 4 is the only real solution of the equation in part (a).

d. Find the total surface area of the box. (8 marks)

o) Volume = Length % width X height
x(x+W)x=-1) = 9%
x(x? 4+ 3% - H) = 9%

P43 -ux-% o

shown

b) Let oc(x)=x‘+3x.‘-'+x-‘\6
J;('-r) = g4+48-wU-9%=o0

I—("') =0, %0 (x - W) is a J;o.otor

e) Oivide bj (x-4)

2t x=2?

x(x = 4) = x? - Yx?

subtract, ("'“V"“a Tx*=-Y4x - 1€
Txtitx = Tx

Tl - 4) = Tx? - 2%
svbtract, Leaving 242 = %

Lu4x t x =24

24(x - 4) = 24x - %
subtrack, (.e.o.v:.ns o

Fl=) = (2 -u)(x? + 7 + 24)
Ocscrimenant of the luo.&ro.‘kic Opo.c.tor

b* - Hae = 49 - 96 = -47

-47 < O, so0 no more reol rooks

x =4:s the OI\LD real solution

4.) Dimenscons: 8 e, Hem, 3em

A = 2(8x4+8x3+4x3)
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A = 2(32 + 24 4+1\2)
A = 3¢

\36 em?
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