Tangents, normals and stationary
points

ROBINSON .
TUITION Worked solutions

This topic online

n The curve C has equationy = X —dx+1

Find an equation of the tangent to C at the point where x = 2, giving your answer in the form y = mx
+c

(4 marks)
Find the pou\t
y = 2% - 4(2) +|

J =

Otococe.rut:.mte For the Srmdiut

ij_ = 3x' -4

da

34y = 3(2)*-u=8
dx

Use Y- yt=mlx=-2)

y- = 8(x - 2)

y-l = ™x - 16
= %x - \S

J
b=‘bx-l$

robinsontuition.com/a-level-maths-topics | free AS and A-level maths worksheets with hand-written solutions | Robinson Tuition Page 1 of 14



n The point P(3, 6) lies on the curve with equation y = 2x° - 5x + 3

Find an equation of the normal to the curve at P, giving your answer in the form ax + by + ¢ = 0,
where a, b and ¢ are integers.

(4 marks)
GCradeent of the to.l\a@d\k at ?
‘lj = Yx - S
dx
dy = wW3)-5=7
dx
Normal Srmiiu\t = -3 tmnae.nt gradient
mow )
-
- - \
y ¢ = -—(x - 3)
2
Mu(.{::.p(.y bd 7
73 “42 = -2 +3
x t 75 -43 = O
x + 75 -45 =0
n f(x):x3+3x2—24x+5
Find the set of values of x for which f(x) is a decreasing function. (4 marks)

0!.&".&5&!\3 PY X WS J:.'(.x) <0
oc'(:x,) = 3x2 4 6x - 24
Fle) = 3(x 422 - %)
J‘l("") = 3(x 4 '-})(.z - 2.)

Critical values
X = =H%orx=12

Posctive x? oot.ocl,u.:.cnt, so the nrwpk °of l.'(x.) s o U shage: M.So.‘k:.ve. between the

roots

= 3(.:.'\"-})(.::-1)40

4 < x <2
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n The curve C has equation y = X - 62+ 9% +2

a. Find the coordinates of the stationary points of C

b. Determine the nature of each stationary point, giving a reason for your answer. (6 marks)

*)

Skmtionmrd Pou\tsi i»i =0
dx

= 3x?-\2x +9
= 3t -ux+3)
= 3(x-1)(x-3)

= Jlorxex=3

IIJ=I-6+‘1+1=6

8&&00:."-:

= 31:)=?.'7-$'++2.'7+2.=7.

(1, €) and (3, 2)
)

Second derivative test

dz! = éx - 12

dx?
2
2 Ysgeo

x
dx?

%0 (\, 6) LS 0. maXimum

2
= =% (>0
dx?

50 (3, 2) ¢s o Mmenimum

(1, ¢) maximum, (3, 2) minimum
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a A curve has equation y = X%+ 16 x>0

’

X

2
a. Find (i) j_i (ii) %

b. Verify that the curve has a stationary point when x = 2

c. Determine the nature of this stationary point, giving a reason for your answer.
)

Write as powers of x

(7 marks)

J = x4 16x”
il = 2x - \éx?
dx

d

2

el §

da?

b)
Substituke x = 2 into S

2 + 32272

dax
44 = g2)- %
dx 2
ij_ = % -4
dx
44 =0
dx
2y

=0atx=2,s0itisa s‘tmt;ono.rv point

&2. - 31
—J— 2*—3

da? 2
'Y = 24u=¢
dx?

¢>0

minimum po&n'l:
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D w-x-32+5-7

Prove that f(x) is an increasing function for all real values of x (4 marks)

.Imro.o.s:.aa means l.'(:x.) >0

J.l(.z.) = 3x?-¢x+S
Complete the square

cc.'(.z) = 3(x*-2x)+S
Fl=) = 3[(x-0D2-1]+s
J—’(x) = 3(x-1)242
A square is never aeqative
= (x-\)*20
= 3x-1)"4+2322

so oc,l(.x.) >0 For oall 2

oc(.x.) LS :.M.re.ousa.na For oll real =

robinsontuition.com/a-level-maths-topics | free AS and A-level maths worksheets with hand-written solutions | Robinson Tuition Page 5 of 14



The curve C has equation y = 4Vx, x > 0. The point P(4, 8) lies on C.
a. Find an equation of the tangent to C at P
b. Find an equation of the normal to C at P

c. The tangent and the normal meet the x-axis at A and B. Find the area of triangle APB

12y

10

P(4, 8)

(7 marks)

o)

J - ‘-hz‘/"
ij_ = 227V
dx
dy = 2
rrai el

y- o = (e - 4)

y = x4n

J=.x+'+

b)

Normal 3“.&'\0.4\‘& ===\

™ =\

3-8 = -i(x -4)
J = -x+12

J=-.:.+l2.
c)

Put J = O un each Line
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o
"

x+4 s A= (-« 0)
o = -x+\7.506=(|2.,0)
base A6
kt&akt

12 - (-4) =16

y-c.oord.ano.te °f P=9%

ofeo = lx\‘xg
2

ofeo = 6%

(]

n The curve C has equation y = 2x3 - 9% + 12x - 1

Find equations of the two tangents to C that are parallel to the line y = 12x (5 marks)

Parallel Lenes have e.luo.(. 3(‘&&&.2.!\‘&5

4 = ex*-1_xti2
dx

Cx* =132 +\2 = \2
¢x* =192 = O
éx(x-3) = O
x = Oorx=3
Fund the y-coordcnates
x = O :’ = -\
x = ‘s:d=s~+-s\+3c-|=s
To.aaemt at (0, 1)
:’ = 12x -
Tangenk at (3, 8)
y -2 = 2(x- '5)
y = 22 - 28

J=I?..x-lou\d.y=l2.x-18
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n The curve with equation y = ax> + bx® - 4, where a and b are constants, has a stationary point at (2,
-12)
a. Find the value of a and the value of b
b. Find the coordinates of the other stationary point and determine the nature of both stationary

points. (7 marks)

«)

Skafaonarj ot x = 2 means %J— = O there
x

iﬁ_ = 3Jax?+2bx

dx
\2a +4b = O
b = -3

(2, -12) Lies on £he curve
8o t4b -4 = =12
8o +4b = -2

8o - \2a = -9
-4o = -9

= 2

b = =¢

y = 2x%=-6x* -4
ij_ = bx’-\2x

o = é.x.(.z - 2)
x = 0. d = -4
Second dervakive tesk

‘*z: = 12x -\2
dx?

X

&2

o: 2J) =-2¢0
dax?

s0 (O, -H) 1% 0. maximum

2
x* = 2:¢—1=l2>0
dx?
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$0 (2., -I?.) 1S & mintmum

(O, -H) mo.ximum, (1, -IZ) miniMmum
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m A closed gift box is a cuboid with a square base of side x cm and a height of h cm. The volume of the
box is 500 cm?>.

a. Show that the surface area, 4 cmz, of the box is given by A = 2x% + 2%00

b. Use calculus to find the minimum value of 4, giving your answer to 3 significant figures.

c. Justify that the value you found is a minimum.
a)

Use the volume o write h tn terms of %

(9 marks)

x*h = SO0
h = 9S00
.&L

Top and bottom, plus Fovr sides
A = 22*+uxh

A = 20* 4+ Yx X _S'OZO
x
A= ,,., 2000
x
A= 2.t + 2090
x

b)
A = 2x*+2000x"

dA _

= Y4x - 2000x7%

dx
Scti=o
&.&
Y = 2000
e
x® = S00

Jsoo = 1.937...

2000
7.9317...
125.99... + 251.92...

377.97...

378 em?
e)

2(7.937...)* +

> > P &
]
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d.2 A

dx?
2
d.2A L 4 4000 _

dax? SO0
2 >0

“+ 4+ 4000

miniMum
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m An open box is made from a rectangular sheet of metal 24 cm by 15 cm. A square of side x cm is cut
from each corner and the sides are folded up.

a. Show that the volume, chg, of the box is V = 4x3 — 78x% + 360x
b. State the range of possible values of x

c. Use calculus to find the maximum volume of the box, justifying that it is a maximum. (8 marks)

a)
Le.nstln, width and ke.z.akt of the box

V = x(24-22)05 - 22)
Y,
Y,

2(3¢0 - 43x - 30x + Y4x?)

2(ux? = 782 + 3¢0)
V = 4x® = Tax* 4+ 360x

V=4x®- 7% + 360x
b)

EV"J Leagth must be positive

= I1S-22>0

= x <795

O<L x <4795
<)
dV = 1222 -1S€x + 36O

dx

o = 2(x? =132 + 20)

© = 12(x - 3)(x -10)

x = Jorx=\0
x=10sntin0 <« x<75,50x=3
V = 3IxI19x9
V = 484
Check ct is a maximum

'V = L4x - IS¢
dx?

dV = 72 -\s6=-84 <0
dx?

ma.ximum volume “4Bé em?
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m The curve C has equation y = X3 - 2x% + 3. The point P on C has x-coordinate -1
a. Show that the tangent to C at P has equationy = 7x + 7

b. The tangent meets C again at the point Q. Show that the x-coordinates of P and Q satisfy X3 - 2x°
- 7x — 4 = 0 and hence find the coordinates of Q

c. Find the exact length of PQ, giving your answer as a simplified surd.

40y C

Q

30

20

10

(9 marks)

o)
(-\)*-2(-\)*+3=0

Yx?=4x

Cc
i

344 =7

49
dx
4y
dx
y-o = Wx +1)

= Tt

b=7x+7

b)
Solve the curve and to.nsu\t '(:ose.ﬂser

<

x}P=2x*+3 = T +7
x*=-2x*=-Tx -4 = O
The Leae tovches at x = =\, 30 (x +1)2 '\So.J;o.o‘tor
(x+1)*(x-4) = 0
Cheel: (x* 4+ 2x +\)(x-4) = x®=-2x2=-Tx -4
X = %

robinsontuition.com/a-level-maths-topics | free AS and A-level maths worksheets with hand-written solutions | Robinson Page 13 of
Tuition 14



= 7(4) +7=235
|G.(~+, 35)

C)

PQ = L ((4-(=))+ (35 -0)?)
PA. = [ (25 +1225)

P& = [izso

P& = feasx {2

P = 251 2

2s{ 2
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