R, Trigonometric graphs and exact values : T

ROBINSON Worked solutions

This topic online

n Without using a calculator, find the exact value of

sin 60° cos 30° + tan 45° (2 marks)

Exact values

[~
sin 60 = I

2
[~
cos 30 = {3
2

©
tanus =1
-} o ©
stn 6O cos 30 t tan s = -r-3x-r-3.”
2 2
= 3
— +\
(WY
= 1
3
<
S
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u Without using a calculator, find the exact value of
a. cos 150°
b. tan 225°

c. sin 300° (3 marks)

[~ [~ [~
a) SO =180 - 30 ) ©OS LS M.so:(::.\/!. there
o o

c0s \SO = =cos 30

= _{3
2

I

2
-]
b) tan has period 180

o o
ton 225 = tan us

\

-] [~ o
c.) 300 =30 =4O , sunes Ac.so.ta.ve. there
° o
stn 300 = =¢in 6O

. T

2

{3
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n The point P(90°, 1) lies on the curve with equation y = sin x
Write down the coordinates of the point to which P is mapped on the curve with equation
a.y=3sinx
b.y = sin(x - 60°)
C.y =sin 2x

dy =sinx-2 (4 marks)

a.) Vertical s'(:re.tc.k, scale }mctor 3

(1o°, 3)

b) Translate ¢O €o the reghk
o (~Y

o
9 +¢0 = IS0

( \soo, 1)

¢) Horczontal stretch, scale oco.ctor L
2
(=)

(-
90 +2 = 4§

(us ,1)

d) Translate 2 down

=2 = -\
(‘!oo, -1)
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n The diagram shows part of the curve with equation y = a sin bx, where a and b are positive constants

and x is in degrees.

The curve has a maximum point at (45°, 4) and crosses the positive x-axis for the first time at (90°, 0).

Find the value of a and the value of b.
y
(45° 4)

(90°, 0)

The maximum of & sin bx s o

o = 4

o o
sin x J.f.rst crosses at 180 | this crosses at 90

(~) (-]
bxdo = \%0
b = 2

Check the moximum

[~ (]
4245 ) = 4 sn9o =4

o.='+_,b=2

(3 marks)
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a On the axes provided, sketch the graph of y = sin(x + 30°) for 0 < x < 360°

Give the coordinates of each point where the graph meets the coordinate axes.

‘l.Sy

0.5

-05

-15

(4 marks)
=)
J = st x translated 30 to the (.e.l.t

J-o.z.isf put X =0
- o |
J = sn30 = —
2
x-axis: sin(x + 30°) =0
o o o
x+30 = %0, 3¢0
[~ [~
x = \SO , 330
Turm.ns pou\ts move 30° (.Q,J,t too
(~Y 0o
max (¢O \), men (240 -1)

(o, i), (\so , 0), (330 , 0)
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n a. Describe fully the single transformation that maps the graph of y = tan x onto the graph of y =
tan(x — 45°)
b. Sketch the graph of y = tan(x — 45°) for 0 < x < 360°, showing the equations of any asymptotes

and the coordinates of the points where the graph meets the coordinate axes.

4y

=]

X =135° 1

45°

(o}
90 1 2252257570 3

(2}

45 360
-1¢(0,-1)

I e I I N TG,

B el s L L L L

(4 marks)

a)
[~
Tronslotion 45 wn the post‘kave. x-derection

b) Move e.vu‘ythu\a '+$ to the r&.skt

[~ o
o.s:)mpto{:e,s 0 + qs and 270 + 4§
(-]
x = |I3F ,x= ‘5|s
o ° °
x=0xt5. O + 45 and 180 + 4S5
[~} o
x = 45 , 22S
J-mxasl put x =0

o
tan(-4s ) = =
[~ [~} Q Q
x=135 ,x =35 ; (0, ), (45 , 0), (225 , 0)
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The curve with equation y = a + b cos x, where a and b are constants and b > 0, has a maximum
value of 7 and a minimum value of -1

a. Find the value of a and the value of b.

b. Write down the coordinates of the minimum point of the curve for 0 < x < 360° (4 marks)
a) cos x goes £rom -\ tol,and b >0

o+tb = 7

a=-b = =\
Add the e.iuo.ti.ons

2o = 6

a = 3

= T7-%=4

a=3,b=4

b) Minimum where cos x = =\
[~

x = |80

(uaoo, -1)

n Without using a calculator, show that

1 + tan 60° - _2_43

1 - tan 60° (4 marks)
Exact value

tan 600 = 3
|+tméol = \+{ 3
\ = tan 60O -4 3
Rateonalise: muLk;pLJ top and bottom by + {3
= (l + -[_3)2
-3+ )

= 1+2{3+3
1-3

= w+2{ 3
-2

= -2-11

= -2 - .f_3 oS re,"ua.re.d
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n a. On the same axes, sketch the graphs of y = sin 2x and y = cos x for 0 < x < 360°

b. Hence state the number of solutions of the equation sin 2x = cos x in the interval 0 < x < 360°,
giving a reason for your answer.

1.5y
Y = sin 2x
1 -~
.
N
AN
0.5 .
\
\
\
X
9Q\N
\
\
-0.5 \
\
.
\
-1
-15

(4 marks)

\
o) sin 2x: stretch of sth x, scale J,o.c‘kor —_
2

(=) - o (-] - [~}
period 190 , zeros at 0, 10 , 180,270, 3¢O

o o o o
max at 4S5 oand 225 , men ot I35 and 3IS

C0% Xx. ONe c.:)c.(.e.

(~ [~ [~
(0, 1), zeros at 90 and 270 , mua (180 , =V)
see the sketch

b) Count where the curves cross

the yapks intersect 4 times

% solutions
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m The diagram shows part of the curve with equation y = sin(x + a), where 0 < a < 90°
The curve crosses the x-axis at (120°, 0) and (300°, 0) and crosses the y-axis at the point P.
a. Find the value of a.

b. Find the exact y-coordinate of P.

y

(120°, 0)

(300°,0)

(4 marks)

[~ [~
o) st s 2zero ot \8O and 360

o (~Y
\20 + X = 120
o

X = €0
Check wikh the other crossing

o [~ [~
300 +60 = 3¢O
[~}

X =60
L) At P,x=0
y = sin(0+ o)

T

2

i

2
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m Given that sin 20° = p, find, in terms of p
a. sin 160°

b. sin 340°
c.cos 70°

d. tan 20° (5 marks)

[~}
a) stn x is sjthme.tri.co.(. abovt = = 90
[~ -]

o
sin 160 = sin(1IR0 -20 )

©
= stn20 =9

P

[~ [~
b) sth cs M.Sosl::.Ve between IR0 and 360

[~ o (-
stn 340 = -3¢0 - 340 )
(-]

= =5n20 = -9

-p
¢) Iaa r;aht-mns(.zd. trw.na(.e, cos O = sin('ioo -6)
o °

cos 7O = sn20 =9

?

d) Use sca? B + cos* 6 =1

o
cos?20 = \-p?

o
c0s 20 > O
[~

cos 20

r(l-p‘)

° o
tan20 = 5020

—_—

cos 20

12
0-92)

P
I (-9
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m The depth of water, D metres, at the entrance to a harbour in Cornwall is modelled by
D=6+25sin(30t)°, 0<t<24
where t is the time in hours after midnight.
a. Find the maximum depth of the water and the first time after midnight at which it occurs.
b. State the time, in hours, between one high tide and the next.

c. A fishing boat can only pass the entrance when the depth is at least 7.25 m. Find the first period
of time after midnight during which the boat can pass. (6 marks)

o.) Lmr3&s€ valvue ooc sin s |

max 0 = E+ 2.5 x1=\A.S

(-]
First maximum when the 0.1\3(.2. s 90

30t = 90
t =3

2.5 m ot 03:00

o
b) One FULL eyele is 360

30t = 3o
t = 2
\2Z hours

c) Set vp the condition
[~
6 +2.5 sun(d30t) 312
o
2.5 sen(30t) =125
(~Y
sin(30t) S 0.5

snB =050kl = 300 ond I‘bO'> - '50° = l50°
o o

sin 03 05 For 30 €0 ¢150

30 £ 30t £150

1&£t&S

From Ol1:00 to 0S5:00
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