R Differentiation

ROBINSON Worked solutions

This topic online

n Find j—y for each of the following.
X
a.y =@+ 1)
b.y = In(5x% + 2)
C.y =secdx (5 marks)

o)

Chain rule: power down, reduce the power, times the derivakive of the cascde

49 = s(ux®+1)" %22
dx

¢ox2(uas + 1)
b)

d _ g'l=)
d: Cn J—(.&) - -;F(LxT

id_ - 10x
dx Sxl+2

¢)

d
— sec x = sec x tan x, then times the dercvative of Hx
d.ox

i»j- =4 sec 4 ton Y
dx
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n a. Giveny = x3e2", show that S_y = xzezx(a + bx), where a and b are integers to be found.
X

. 3x-1 . - . S
b. Giveny = ;( 5 find j—y giving your answer as a single fraction in its simplest form.
X

X° +
»)

Produckt rule: u=x* v=e

(5 marks)

2x
v = 3x?

v( = zzl.z.

d ! = v + v
dx
= 3t et 2xe?
= x2e2:(3d 4 ?..z)
a=3, b=12

b)

Quuotient rule:u=3x -\, v=x2+2

o = 3
vl = 2x
4y = vu' = uv!
dx V2
= dMxr+2)-2x(3x - I)
(x? + 2)1
= 3x?*+6-6x*+2x
(xz + 2.)7'
d

dx - (.z"T ?.)7'
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a a. The curve with equation y = 32 passes through the point P where x = 1. Find the exact gradient
of the curve at P, giving your answer in the form k In 3

b. Given that x = cos y, where 0 < y < 1, show that
d_ T
dx V(1 - X3

«)

J - 32.::.___11.
d

— o*=0ao*lna

dx

2y = 9* 9

(6 marks)

1Ln 9

&

= 9x2(n?
18Lnad
b)
dx =
d
29 oy A2
dx '&3
4y =
dax sa.nv

su\"3=l-'c.usly=\-'.:cz
sin y> O for 0L y< T, s0 take the positive root

seh Y = J"(u-;&)

d = _ l
I.?;_ 0-2?

shown
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n Given that x is measured in radians, prove, from first principles, that the derivative of sin 3x is 3 cos
3x

sin h cosh-1 _|

You may assume the formula for sin(4 + B) and that, as h - 0, - 1T and

(5 marks)
Groadient of the chord from = toxth
_ac(.z. + k) - ac,(.x.) = sun(de + 3k) - 5N dx
h h

sin(A + 6) = 6L A cos 6 + cos A sin 6
= 5in dx c05 3h + cos dx scn 3k - sen 3x
h

(COS 3h -

\)*00531($Cﬂ‘5h)

sLh dx
Make the Limits mateh: muL'(:a.p(.:) top and bottom by 3

(c.os 3h -

|)* 3 cos dx (_s:.n 3k)

3 sin 3
Ash - 0,3n >0
cos 3h - |

3h

sin dh
3h

oc'(x) = 3sin3xXO+3cos dx X\

—> O

-\

= 3 cos Ix

proved
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a The curve C has equation y = (x2 - 3)e*

a. Find the exact coordinates of the stationary points of C.

2
b. Use dy

2 to determine the nature of each stationary point.
X

(7 marks)
o)

Product rule: v =x* -3, v =e*

ij_ = 2x e* 4+ (x*-3)e"
dx

= e*(x*+2x -3)
= ¢*(x +3)x=-1)
e* > 0, so the bracket must be ©

x =\

y = (1-3)' =-2¢
= (9-3)e =¢e’
(1, =2¢) and (-3, €e7)
b)

Product rule agacn on e(x2+2x - 3)

‘*zj = e (x?+2x=-3)+e (22 +2)
dx?

(x> +4x =1)

4’ = we>o

e(1-12-\)=-4e <0

=

da?

O, -22.) mincmum, (-3, ¢27) maximum
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a. Find 3—)/ in terms of x and y.
X

b. The point P(3, 3) lies on C. Find an equation of the normal to C at P, giving your answer in the
form ax + by + ¢ = 0, where a, b and c are integers. (6 marks)

«)

Product rule on 3::.:); chain rule on Jz

"
o

2% + ‘53 + 3.x.id- - zjiﬂ-
dx da

%ﬁ-('ﬁx - Zy)

49 < 22ty

dx 3x - 2y
b) -

iﬁ- _‘+1

dx 9-¢

Norma.l Sro.d.ie.n‘k =-\= ('S)
m = 1

S

! (= -3)

o

J-'b

SJ-\S = -3

x-sv*\2=0
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= , O<x<m
1+ cosx
a. Show thatd—y=+
dx 1T+ cosx

b. Find the exact x coordinate of the point on C where the gradient is %

«)

Buvotient rule: v =sinx, v =1+ cos 2

(5 marks)

(
U = ¢0% X

v =
d.n = cos x(1 + cos x) = sin x(=scn .z)
da (\ + cos x)?
= €05 x *+cos? x +sin’ x

(\ + cos .x.)"
stn? x + cos? 2 =
= \ + cos x
(1 + cos 2)?
|

I+ cos x

shown
b)

\ = 2
I'l'c:s.z ?
I+ cos x = i

2
cos x = |\
2
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ED w-+-63+122+5

a. Find f"(x)
b. Find the set of values of x for which f(x) is concave.

c. Find the coordinates of the points of inflection on the curve y = f(x), and show that neither of
them is a stationary point. (6 marks)

o)
ocl(.‘x.) = Yx’-1238x? 4+ 24x

oc”(.x) =\2x2 - 36x + 24
b)

Concave where oc”(x) £ 0

12(x*-3x+2) <0

2(x -D)(x-2)<0

Posctive guadratic: nc.ad'::.\n. between the roots
{x 1S x & 1}
¢)

oc”(.x) =0at x =\and x =2, and J'” c.ko.nae.s siqn ot each

J;(I) = |1=-¢+1245 =12

o“(") = K-48+4%+5 =2
Check £he Sro.&:.u\t there

oc’(l) = 4-1R+24=\0#0
J.’(z) = 32-72+48=8#0O

(\, \2) and (2, 21), necther s'tm'bz.omud
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n Water is poured into a container in the shape of an inverted right circular cone at a constant rate of

40 cm3 s~1. When the depth of water is h cm, the radius of the water surface is %h cm.

3
a. Show that the volume of water, ch3, is given by V = %

b. Find the rate at which the depth of the water is increasing at the instant when h = 8, giving your
answer to 3 significant figures.

c. Find the exact rate at which the area of the water surface is increasing at this instant.

o)

(7 marks)

V= ey
3
= Loty
3 2
= The
\2
shown

)
v = 3Th: _ T

dh \2 ]
Ath=28
V= T
dh
Chaca rule: dh = v + i
dt dt dh

dh = %O

e wT
S
2T

= O.71571...

0.71% em &
¢)
2
S = ‘“"(L)z= Trk
yR 5

S = Th
dh 2
= 4T

Chacn rule: 45 = 45 x dh
dt

dh dt
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m The curve C has equation
X2+ Xy +y2 =12

a. Find 3—)/ in terms of x and y.
X

b. Find the coordinates of the points on C where the tangent is parallel to the x-axis.

c. Find the coordinates of the points on C where the tangent is parallel to the y-axis. (8 marks)

o)

Product rule on x.:)' choin rule on JL

Zx*j*.z—l-ilj—i =0
Ii—(“zj) =
4y 22y

dx x +2Y

b)

iﬂ- = 0. numerator ts O
da

1.&+J=O

j=

Substitute inte the curve

2?4 x(-2x) + (-22)* = 12
3x> = \2
x = T2

(2, -4) and (-2, 4)
)

Porallel to the J-o.xisi denomenotor is O

,x-tzj = 0
(-7.3)z + (-13)3 & 51 = 12

331 \2

J

I+

(-4, 2) and (4, -2)
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m The number of people, N thousand, who have downloaded a new revision app t weeks after its
launch is modelled by
40
N=—"—
1+ 770t
a. State the number of downloads at launch and the long-term limit of the number of downloads

according to the model.
b. Show that dN - N40-N)
dt 80

c. Hence find the greatest rate of downloads, in thousands per week, according to the model, and
the value of t at which it occurs. Give t to 3 significant figures.

t>0

d. Explain why the graph of N against t has a point of inflection at this value of t.

o)

t = o:N = ﬁ =5
I+ 7

At - ©,e =0

N-»"'o = %0

SO0O0 ot Lavnch; Limet 4O 000
b)
N = yo(\ +7e )

Chacn rule

IV
dt

= I4Oe
(\+7e )?
Now work out the r:.sk'(:-ho.ml side
4o-N = 4o(i+Te)-yo

\ + Te
= 2%0e¢
I+ Te
N(wo-N) = . 40 280
80 20 \+7e \ 4 Te
= I40e
(V4 7e )2

shown

e)

Rate = il (woN = N?): o 1ua.d.rat:.c. w N, Sru.te.st ot N =20 (bj sjmme.-l:ry)
20
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dN = 20x 20

dt %0
= S
4O = 20

I 4 Te

I+ T7e = 2
e = |
3

=(.l\l

3

t = 20n7

= 3.891%...

S thousand per week ot £ = 3.89

4)

dN

dt
d*N
dt*

convex oku\ae.s to concave: a pount of 'mcc,(.e.c.h.oa

increases while N € 20 and decreases once N 2 20

$o

okmnse.s 5&3(\ ocrom tto-att=20na7
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m The curve C has equation y = f(x), where

1-21In

a. Show that f'(x) = 5 X
X

b. Find the exact coordinates of the stationary point of C, and use f"(x) to show that it is a
maximum.

c. Find the set of values of x for which C is convex, giving the boundary in the form ek

d. Given that f(x) - 0 as x — oo, state, with a reason, the number of solutions of f(x) = kfor 0 < k <
A
e (10 marks)

o)
Quuotient rule:vu=Llnx, v = x2

Ul

\
x

v = 22

%\
-~
k
v

"

|
— R x?=2x(lnx

X
x'-i
= x-2x(nx
x"}
= 1=-2(nx
PE
shown
o)
I-2lax =
thx =

L <
"

Buuotient rule on J;'(x)l v=l=-2lax,v=2a?

ac”(a:.) = -i x 23 =31 -2 La .z)
X
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= Clnaxe~-5

.‘H
Atx=.r-0.,(.l\x=L
2
fC) = 3-5 L2 L
e.'l e’l

|
(.r'e,, — ), o6 moximum
2e

e)

Convex where J;”(x.) > 0,and x* 70

Elnx-5>0

Ln.x.’i
¢

{x:x? e
d)
A x — O, l.(x) — =00; oC(') =0

£ reses to 2.l at x =1 ¢, thea oca.(.(.s towards O but sto.ds
3

posi{:we.

%0 J =k meets C once on each scde OJ, the maximum

two solutions
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