Normal approximation and hypothesis
tests with the normal

Worked solutions

ROBINSON

This topic online

n The random variable X ~ B(200, 0.3)
a. Explain why a normal distribution can be used as an approximation to the distribution of X
b. Write down the mean and the variance of this normal distribution.

¢. Use the normal approximation to estimate P(X < 55) (5 marks)
o)

nis (.o.rae. and ¢ s not too close to O or |

b) Mean np, varcance np(\ - ¢)
K = 200 % 0.3 =60
O* = 200X 03X O0.7T=42
Y ~ N(¢O, 42)
) Contanui‘bj correction: X &€ 55 cacludes all og 55

P(K&ss)=p(f «ss.s)

P({2555) = p(2 ¢ (55-5-60))
i gey

P({ «ss.5) = P(Z < -0.6944)

P(K & SS) = 0.2437
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n A courier firm claims that its delivery times, in minutes, are normally distributed with mean 45 and
standard deviation 8. A manager believes that the mean delivery time has increased. A random
sample of 25 deliveries has a mean delivery time of 47.9 minutes.

Assuming the standard deviation is still 8 minutes, test, at the 5% level of significance, whether there
is evidence to support the manager's belief. State your hypotheses clearly. (4 marks)

K = mean delovery time (menvtes)
HQI H = “S
H1: S 7 4S

Under Hg, the sample mean is normal

K=bar ~ N(u4s, ﬁ)
295

K=ba.r ~ N(=s, \.6?)
P(K-bar > 47.9) = 0.0350

Compare wikth the signi peeance level

0.0%50 £ 0.05

S_Lamoca.comt, so reject Ho

Evidence that the mean &e.(..ive.rj time has tacreased
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n The lengths of a species of fish in a river are normally distributed with mean 28.0 cm and standard
deviation 3.2 cm. A biologist believes that the mean length of this species in a nearby lake is

different from 28.0 cm. She assumes the standard deviation is also 3.2 cm in the lake. A random
sample of 40 fish from the lake has a mean length of 28.9 cm.

a. Test, at the 5% level of significance, whether there is evidence to support the biologist's belief.
State your hypotheses clearly.

b. Find the p-value for this test. (6 marks)

a) |L = mean Leagth ca the Lake (con)
Ho: o = 28

Hi: o # 28
Under Ho

K-bar ~ N(2%, 3'11)
40

Test statistic
2 = (28.9-28)
(3.2/1 40)
z = L778%
Two-tailed s%: 2.5% a each tail

critical values = 2196
1.7R € 1\.9¢
Not ¢n the critical rLaum, so do not re.")e.r.t Ho

Insuocl.:.c.wnk evidence that the mean Le.as'bln en the Lake s

«Liacl.e.re.nk

b) Two-tailed, so double the tacl

P(K-bar 2 22.9) = 0.037¢
p-valve = 2 x 0.037¢

p-vo.lue = 0.075%
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n The lifetime of a type of battery, in hours, is normally distributed with mean p and standard
deviation 1.5. The manufacturer claims that u = 20. A consumer group suspects that the mean
lifetime is less than 20 hours and tests a random sample of 16 batteries.

a. Using a 1% level of significance, find the critical region for the sample mean X.
b. The mean lifetime of the 16 batteries is 19.2 hours. Using your answer to part (a), state the
conclusion of the test in context. (5 marks)

o) Ho: t=20,Hi: <20

Under Ho

2
K=bar ~ N(20, "\i )
K=bar ~ N(20, 0.375%)

Lower £ail with 1%

P(K-bar < c) = 0.0l
(c - 2.0) =
0.3%71S
¢ = 20 -0.375 % 2.3243

¢ = 19.27¢

cretical re.aa.ov\i K-bar < 193
b)
19.2 71\9.13

Not tn the critical re.az.on, so do not re.:)e.c.t Ho

Insutoc'\c'\e.n‘k evidence that the mean L:.oc,e.ta.me. is Less than
20 hours
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a In a large survey, 45% of adults said that they cycle at least once a week. A random sample of 60
adults is taken and X is the number who cycle at least once a week.

a. Find P(X = 27) using a binomial distribution.
b. Use a normal approximation to estimate P(X = 27)
c. Find the percentage error in using the approximation in part (b).

d. Use a normal approximation to estimate P(20 < X < 30) (6 marks)
o) X ~ B(¢o, o.us)

P(K =27) = ©°C,; x 045" x 0.55

P(X = 27) = 0.103
b) (L =np, 02 = ap(r - 9)

L = GO X 045 =127
O = (O X O45 X O.5S = \4.25
v ~ N(27, 4.85)

Coatinuatd correction JRLEN s:.as(.o. va.lue

P(K =27) = P(265 « «2715)

P(K =27) =~ 0.032

c)
*h ercor = (0.10323¢ - 0.103021)
0.1030%9

X \00

/ erfor = O\'-\-/

d) 20 ¢ X € 30 means X = 20, 21, ..., 29

P(20¢& X < 30) = P(14.s < Y < 24.5)

(20 £ X « 30) =~ 0.5
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n A garden centre states that 72% of its sweet pea seeds germinate. Seeds germinate independently.
a. Darius plants 25 of the seeds. Find the probability that at least 20 of them germinate.

b. The garden centre plants 400 of the seeds. Use a suitable approximation to find the probability
that more than 300 of them germinate.

c. Give a reason why the approximation in part (b) is suitable.

a.) K~ 6(25 0.71)
P(K220) = \=-P(X &)
P(X 2 20) = I -0.7WS

(6 marks)

P(X = 20) = 0.25%5

b) ¢~ 6(400, O.'77.)Z approximate with a normal

L = 400 % 0.72 = 298
o* 400 X 0.72 X 0.2% = 80.4%+
Y ~ N(22%, 20.¢4)

More than 300 starts at 301, so use 300.5

P(¢ > 300) = P(1 ¥ 300.5)

(1 ¥ 3005) = o(Z > (300.5 - 23%)
{ %0.¢+

(1 > 300.5) = P(Z >1.3920)

P(¢ > 300) =~ 0.0820
e)

n s (.o.rse. ond p s not close £o O or \
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A machine fills bottles with water. The volume, in ml, in a bottle is normally distributed with mean p
and standard deviation 4. The machine is set so that p = 500. A quality manager will test Hy: u = 500

against Hq: g < 500 at the 5% level of significance, using a random sample of n bottles.

a. The sample mean is 499 ml. Find the least value of n for which this sample mean would lead to
Hg being rejected.

b. State one assumption you have made about the standard deviation. (5 marks)

o.) Under Ho

X=bar ~ N(S00, ——)

)
Lower fail S./OZ eritical 2 = -\6uuq

. = (419-500)

(H/rn)
— < -1e4ud
‘-‘.
Ia
4
{Ta>es7i4
A7 9329

n must be o whole aumber

< -\ 6449

> Lewu9

n=4HY
b)

O is still 4 ml when the mean cko..aae.s
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n The resting heart rates, in beats per minute, of adults in a town are normally distributed with mean
72 and standard deviation 9. A sports scientist believes that members of a running club have a lower
mean resting heart rate. A random sample of 30 members of the club has a mean resting heart rate
of 68.4 beats per minute.

a. Assuming that the standard deviation for members of the running club is also 9, test, at the 1%
level of significance, whether there is evidence to support the scientist's belief. State your
hypotheses and the critical value of your test statistic clearly.

b. Explain why the sample mean has a normal distribution.

c. State, with a reason, whether the conclusion would be different at the 5% level of significance. (6 marks)

o) L = mean re.st:.nb heart rate of clvb members
Ho: ®w =12

Hi: w < 12

Under Hy

K=bar ~ N(72, i)
30

Test statistic

(/71 20)

z =
1 Lower tail: P(Z < 2) = 0.01

criticol valuve =

Not in the critical region, so do not re.:)e.c'l: Ho

IAsuocJ.a.c&.e.A'(: evidence ot \‘/0 of lower mean heort rate For
rfunaers

o)

Heart rates are normoa.l, so the mean of o fo.ndom sample s

normal

c.) 5./0 Lower ol critical valuve = -1.eu=+9

Yes: at s%h Ho would be re.:)e.ote.d
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n The masses of eggs from a farm are normally distributed with mean 65 g and standard deviation 2.5
g. The farmer changes the feed given to the hens and wants to test whether the mean mass of the

eggs has changed. She assumes the standard deviation is unchanged and takes a random sample of
20 eggs.

a. Write down suitable hypotheses for this test.
b. Find the critical region for the sample mean X, using a 1% level of significance.

c. The sample mean is 66.5 g. State the conclusion of the test in context.

d. Find the p-value for this test. (7 marks)

o) [L = mean mass og eq9s (5)
Ho: v = ¢s

Hi: o # ¢

) Under Ho

K-ba.r ~ N(¢S, £S5 )

standard error = 7"50 = 0.5590
j 2

1% two-tacled: 0.5% cn each tail

2 = 225758
Lower = ¢S -2.57S5S% X 0.5590 = ¢3.5¢OI
vpper = 65 +2.5758 x 0.5570 = ¢.4319

K=-bar €« €3.5¢ or A=bor 7 66.4Y4
¢)
6.5 7 £6. 4

Ta the cretical reqeon, so reject Ho

Evidence that the mean mass °f the e.a;s hos chcmse.d

d) Two-tacled, so dovble the tail

P(K-bar 3 ¢.S) = 0.00%6

p-valve = 2 x 0.003¢

p-vo.(.uc. = 0.0073
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m A company makes LED bulbs. Each bulb, independently, has a probability of 0.08 of being faulty.
Bulbs are made in large batches. A random sample of 500 bulbs is taken from each batch and the
batch is accepted if fewer than 50 of the sample are faulty.

The company aims for at least 95% of batches to be accepted.
a. Using a normal approximation, find the probability that a batch is accepted.
b. Explain whether the company is likely to achieve its aim.

c. Suggest one change to the acceptance rule that would help the company to achieve its aim.

o) F = aumber o‘“’"LtJ in the sample
F ~ &(s00, 0.08)
[t = SOO % 0.0% =40
O* = SOO X 0.0% x 0.92 = 3.8
Y ~ N(40, 36.8)

Fewer than SO means F & 49, so vse %+1.§

P(F < s0) =~ (Y < ui.s)

o(f < 44.5) = (+1.5 - 4O)
A T )

P(M «4ds5) = P(Z <« 1.5¢60)

p(o.cce.pk) 0.94\3
b) Compare with the 'l:o.rﬁe.k
0.94\3 £ 0.95

Un(.:.lz(.d to achieve the awm

¢) Check o hiake.r lemit
P(F<s2)=P(f<s1s) = 0970
0.9T\0 > 0.95

Accept of fower than S2 are oc'w('td
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m Climbing ropes from supplier A have lengths, in metres, that are normally distributed with mean p
and standard deviation 0.5. Given that 10% of these ropes are longer than 25.6 m,

a. find the value of y, giving your answer to 2 decimal places.
b. Find the proportion of ropes from supplier A with lengths between 24.5 m and 25.5 m.

Supplier B says that its ropes are longer on average than those from supplier A. The lengths of ropes
from supplier B are normally distributed with standard deviation 0.5 m. A random sample of 15

ropes from supplier B has a mean length of 25.21 m.
c. Stating your hypotheses clearly and using a 1% level of significance, test whether the mean
length of the ropes from supplier B is greater than your value of p (9 marks)

0.) 0% above 15.6, so 0% below

(256 -0 = 286
0.5

s 25.¢ - 0.5 x 1.2%K

v

= 24.9¢
b) L ~ N(24.1¢, 0.5%)

P(24.5 < L < 25.5) = 0.4%N

24.9592

¢) L = mean (.e.nskh of supplier &' ropes
HQI = 24.9¢

Hi: o > 24.9%¢
Under Hg
o.s*
)

K=boar ~ N(24.9¢, —
\S

2 = (25.2\-24.9%)
(os/115)

2 = 1.93¢s

\% vpper tail

critical value = 2.3243
.94 € 2.3243

Not in £he critical re.ai.om so do not re.du.t Ho

Insuacac:.ci.e.n‘k evidence that supp(.icr 6'5 ropes are (‘°“3"' on

o.\/e.ro.ae.
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m An airline finds that each passenger who books a seat on a flight turns up with probability 0.92,
independently of other passengers. A plane has 180 seats and the airline sells 190 tickets for a
flight.

a. State one reason why the assumption that passengers turn up independently may not be
realistic.

b. Using a normal approximation, find the probability that more passengers turn up than there are
seats.

After a change to its booking rules, the airline believes that the probability of a passenger turning
up has decreased. On a random sample of 250 bookings, 222 passengers turned up.

¢. Using a normal approximation, test at the 5% level of significance whether there is evidence to
support the airline's belief. State your hypotheses clearly.

o)

(10 marks)

G'rwps ofr J:a.m:.(.:.e.s travel toazthu‘, %0 ‘tkcj turn up of Miss
'l:ose.'l:ke.r

b) T = aumber who turn vp
T ~ 6090, 0.92)
= 190 %x 0.92 = \T4.8
O = \90 x 0.92 x 0.0% =\3.9a+
Y ~ NOT+.8, 13.984)

More £han 180 starts ak 12\, 5o use 180.5

(T > 180) = (1 > 1r0.5)

(M > \wo.5) = o(Z > (\80.5 - l'l‘-\-.%))
1 13.9an

P(f >180.5) = P(Z 7 1.5243)
P(T >180) = 0.0637

e= probmb:.(.it:, o passenger turas vp
Ho: p =012
Hi: p < 092
Under Ho, X ~ B(250, 0.92)
= 250 x 0.92 = 230
O* = 250 % 0.92 x 0.08 = 1%.«+
Y ~ N(230, 18.4)
Cont‘muttj correction: X & 222 becomes 1 < 222.5

P(X &€ 222) = (1 ¢« 222.5)
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(M <« 222.5)

(222.5 - 230)
P(Z <«
( 1 8w

P(f <222.5) = P(Z <« -\.74%4)
(M « 222.5)

0.0402 £ 0.0%

0.0402

S_Lam.t‘\comt, s0 re.J‘e.o{: Ho

Evidence that the probo.ba.(,'\ty of ‘kumu\a up has decreased
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