R, Algebraic proof

ROBINSON Worked solutions

This topic online

n Prove algebraically that the sum of an odd number and an even number is always odd. (2 marks)

Evean number: 24

Odd aumber: 2m +1 (a, m :.nte.se.rs)
20+ (Zm+1) = 20+ 2m +1
= 2(n+m)+\

2(n+m)is a multiple of 2, %0 it s even; one more makes ct odd

Sum s o;(.wa.:’s odd

a Sam says, ‘n’+n+11isa prime number for every positive integer n."”

Show that Sam is wrong. (2 marks)

ook For e counter-example
A= a4+ n=13 (preme)
n = \0:I100 +\0 +\\ = 12\

\2Z\ = I x\)

n=10 T.ve.s 121, not preme, so Sam ts wronﬂ

n Prove that n® + n is even for every integer n. (2 marks)

Factorise

M ta = 4\({\ + I)

nond a4+ 1are consecutive :.n'l:e.3e.rs, 0 0ne o ¢ them must be even
The product of on even aumber with any f.nte.se.r Ls even

Thzre.ocore. A2 4 ncs even For e.ve,r:) ‘m'bzscr A
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n Prove algebraically that the sum of any three consecutive integers is a multiple of 3. (3 marks)
Let the three consecutive u\te.ae.rs be n-1,nand nt), wheren
LS on :.n'l:e.ae.r
Sum = (n-l)+n*(n+\)=‘3m
3n s 3 multiplied by an mtzse.r, so tt is a multeple of 3
There core the sum of onY three consecutive ‘m{:e.se.rs s o
multeple of 3

ﬂ Prove algebraically that the sum of the squares of any two consecutive even numbers is a multiple of
4. (3 marks)

Let £he two consecutive even numbers be 2n and 2a + 2, where n
LS an u\{:e.ae.r

(2a)* 4+ (2a4+2)* = 4a2 + 42+ Bat 4 =Bn" 4+ Bn+ 4

Factorise
a2ttt = y(2na2+2a+))
20+ 2n + 1 is an u\ke.ae.r, so the sum s 4+ multiplied bJ an

a.nte.ae.ri o nw(.fip(.e. OJ' Y

n Prove algebraically that the product of any two consecutive odd numbers is always 1 less than a
multiple of 4. (3 marks)

Let the two consecutive odd numbers be 2n =1 and 2n 4\, where n

is an u\te.ae.r
Product = (2n = \)(2a +1) = 4a2+2a =20 =1 = 4n? = I. The meddle terms cancel; thes is

the &'\J;ocLre.nce.-ol.-'(:wo-siuo.re.s id.e.at:.{::)
4n® s o multeple of 4, stace a¥ s an :.nte.se.r

So the prod.uc.t is | Less than o mu(.tt.p(.e. ooc, Y
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Prove algebraically that the sum of the squares of any two consecutive integers is an odd number. (4 marks)
Let the two consecutive ante.ae.rs be nand n t1, where a s an
u\te,ae,r

At (A+1)? = A2+ a4 204\ =207 + 20+
Factorise the I_:.rs'(: two terms

2n 4+ 2a +1 = 2(a% 4 4) +1\

N+ ncs an u\{:e.ae.r, so thes is 2 multipleed bJ an u\tzser plus I
on odd number

‘T'ke.re.l,ore. the sum of the sqUares op o.n:) two consecutive

antzse.rs ¢s odd

n The nth triangular number is n(n%- 1).

Prove that the sum of the nth and the (n + 1)th triangular numbers is always a square number. (3 marks)
sum = n(mﬂ) + (l\“‘l)((\"’?—)
2 2

Toke ovt the common oco.c.tor (a+1)
= (at)(n+nt2)
2
(a41)(2n + 2)
2

= (a+1)(n+1)

=(n+1)? a 9 Vare aumber

n The nth triangular number is n(n?ﬂ- 1),

Prove that eight times any triangular number, plus 1, is always the square of an odd number. (4 marks)

8 x alat) 41 = ala 1) 41
2

= 4a* 4 a4
= (2a+1)(2n41)
= (Q.r\-i'l)2

20 is eVen, 50 2n + 1 ¢s odd

Sluo.re. of the odd number 2a 41
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