R Gradient of a curve and area under a curve

ROBINSON Worked solutions

n A train leaves a station. Its speed, v m/s, is measured at different times, t seconds.

t| 0| 2|6/ 10

v 0|59/ 10

a. Use three trapezia to estimate the distance the train travels in the first 10 seconds.

b. Work out an estimate of the mean speed over the 10 seconds.

a)

(4 marks)

area of trapezium = % X width % (sum of parallel scdes)

o-z:%xzx(o+s)=s
z-c:%xwx(s+‘l)=n
c-\o:%qu(‘i-r\o):n

total = I m
o)

mean speed = {M}/{i0}
o.) T\ m b) Tam/s
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n The temperature, T °C, of a cup of tea is plotted against time, t minutes, and the points form a
smooth curve going down.

At t = 10 a tangent is drawn to the curve. The tangent passes through the points (2, 80) and (14, 56).
a. Work out the gradient of the tangent.
b. What does this gradient tell you about the tea at t = 10?

2)
gradient = {s¢ - 20}/ {4 - 2}

{-24}/{12}

-2

(3 marks)

b)
Sro.d.:.e.nt = rate of cko.hae. ooc, T

m«twe: temperature is 0“('('“\3

o.) -2 b) c.oo(.a.na ot 2 °C per minvte

n A runner's velocity-time graph is a smooth curve. The table gives her velocity v m/s at time ¢
seconds.

t:0,10,20,30 v:0,4.2,66,7.8

Use the trapezium rule with 3 strips of equal width to estimate the distance the runner travels in the
first 30 seconds. (3 marks)

Ocstance cs the area under the \/e.(.oci.‘k:’-‘k:.me. Sro.ph. Use 3

tropezia °f width \0
First strip

% 210 x (0 +4.2) = 2
Second strup

% x\0x (42 +66) = St
Therd strep

%x\Ox(‘.C"’T.S) = 12

Estimate = 21454 +72=14Tm

147 m
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n A cyclist accelerates away from traffic lights. Her speed-time graph is a smooth curve that gets less
steep as time increases. The table gives her speed v m/s at time ¢ seconds.

t:0,5,10,1520 v:0,3.6,54,64,7.0

a. Use the trapezium rule with 4 strips of equal width to estimate the distance travelled in the first
20 seconds.

b. State, with a reason, whether your answer to part (a) is an underestimate or an overestimate of
the actual distance. (4 marks)

o) Area = 1 25 x(043.8)+ L x5x(36+5u)+ ~ xSx(Su+éu)+ L x5
2 2 2 2

(¢.4 + 7.0)

= 94225 +295+33.5 =945 m

(Equivatently % xSx(0+223.6+2xS4+2x6e4+7.0)=

2.5 2 37.8 = 94.5.)
b) The aruph ¢s o curve that Se.'ks less s‘ku.p (conomv&), so0 each chord Lies below

the curve and each tro.pe.zwm MisSeS SoMme ooc the area. The estimate ts an

vnderestimate
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a The speed-time graph for a car is a smooth curve for 0 < t < 12, where t is the time in seconds and
the speed is in m/s.

A tangent drawn by eye to the curve at t = 6 passes through the points (2, 8) and (10, 32).
a. Use the tangent to estimate the acceleration of the car at ¢t = 6.

b. Explain why your answer is only an estimate.

45
40

3 (10, 32)

30 z

25

gent
20

Speed (m/s)

15

10 (25°8)

0 2 4 6 8 10 12

Time (s) (4 marks)

o) Pcceleration at t = €is the Sro.d.:.e.nt of the to.ﬁae.nt at t

=6
Grodient = 32-9% - 4 =12
10 -2 N

So the acceleration os approxammtzLj 3m/ s
b) The kmaeat ¢s drawn bj eye o o curved Sro.pk, so its 3ro.clu.n'l: (and {:kereacore.

the acceleration) ts ol\(.:} an estimate
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n A ball rolls down a slope. Its velocity-time graph is a smooth curve. The table gives the velocity v m/s
at time t seconds.

0,246 v:0,2252,90

a. A tangent drawn to the curve at t = 4 passes through the points (1, 0.1) and (6, 8.6). Use the
tangent to estimate the acceleration of the ball at t = 4.

b. Use the trapezium rule with 3 strips of equal width to estimate the distance the ball travels in the
6 seconds.

10

awn tangent

Velocity (m/s)

Time (s) (5 marks)

o.) Pcceleration at £ = 4 cs the Sra.d.umt °of the tanaet\‘tl (8.¢ - O.l) = (¢ - l) =2.5 =+
S =\.Tm/s

b) Tropezium str'\ps of wedth 2:

%xlx(O-"l.Z) =22
x2x(22+452) = T4

\
2
| _
— x2x(s2+90) = 42
2

Estimate = 2.2 + 74 +14.2=23.9m
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Water flows out of a tank. The rate of flow, r litres per minute, is measured every 2 minutes. The
graph of r against time t is a smooth curve that falls quickly at first and then flattens out.

t (minutes) 0 2 4 6 8

r (litres/min) | 12 | 85 | 6 | 45 | 4

a. Use the trapezium rule with 4 strips to estimate the area under the graph.
b. What does this area tell you about the tank?

c. Is your answer to part (a) an over-estimate or an under-estimate? Give a reason.

o)

width h =2

area = {2}/{2}x (\2 +4 +2x (8.5 +¢+45))
= 16+2x19
= S%

b)

ro.te X time = volume

Litres oc(.owe.d. ovt tn b menvtes
<)
curve bends below the stro.iak't kops

{:ro.pe.z‘xo. ore ‘oo ba.a

o.) sS4 b) Letres oc,(.owe.d. ovt c.) over—estimate
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A drone accelerates from rest. Its velocity-time graph is a smooth curve that gets less steep
throughout the first 12 seconds. The table gives the velocity v m/s at time t seconds.

t:0,3,6,9 12 v:0,45,7.8,99, 108

a. Use the trapezium rule with 4 strips of equal width to estimate the distance travelled by the
drone in the 12 seconds.

b. A tangent drawn to the curve at t = 6 passes through the points (0, 2.4) and (12, 13.2). Use the
tangent to estimate the acceleration of the drone at t = 6.

c. Is your answer to part (a) an underestimate or an overestimate of the actual distance? Give a
reason.

14
12 PR

10 ”

n tangent

Velocity (m/s)

0 2 4 6 8 10 12
Time (s) (7 marks)

o) Traopezium s‘kr:.ps of width 3

%x‘bx(o-ﬂ-&.s) = 435

% %3 x (4.5 +7.8) = 1945

% x3x(7.8+199) = 2659

% x3x(9.9+4104) = 305

Estimate = 675 +\5.45 + 26.55 + 31.0S5 = 82.% m
b) Gradient of the tangent = (13.2 - 2.4) 2 (12 - 0) = 10.2 + 12 = 0.9, s0 the
acceleration at £ = ¢ s abovk 0.9 m/s?
¢) The guestion states that the curve gets Less steep throughout the interval.
Each stracqht top edge o o trapezium Lies below the curve, so the trapezia miss
some area’ the estimate is an vaderestimate. The table values alone would not prove

thes shape between the recorded times
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