Iterative methods for solving
equations

ROBINSON .
Worked solutions

This topic online

D -2 -2-3

Show that the equation f{x) = 0 has a root between x = 2 and x = 3. (2 marks)
f(2) = 2-8-3=-3
F3) = 27-12-3=nu

5:.34\ °h°"‘3¢' and Fe continvous

A root Lies between x = 2 and x = 3

n The number of members of a gym is modelled by the rule
u,,1="12u,-50
where u,, is the number of members after n years.
There are 500 members now, so ug = 500.
Work out the number of members the model predicts after 2 years. (2 marks)
vO ts the starting value. The subscrcpt n +1 means the next yeor: put the current

vo.lue ua tnto the rule to 32.(: the next value. Repeat the rule Luwice For two Yeors

W = L2 x SOO - 50 =400 - 50 =550
V2 = L2 x SSO-50=4¢60-50 =¢\0

(4o

n A ball is dropped from a height of 5 m onto a hard floor.
After each bounce the ball rises to 60% of the height of the previous bounce, so
hp+1 = 0.6h,, where hg = 5
a. Work out the height the ball rises to after the third bounce.

b. After which bounce does the ball first rise to less than 1 m? (3 marks)

a)hl = 06x5=3,h2=062x3=1% h3=0.4x18=1.08m
b) h4 = 0.6 x 1.OS = O.442 m, Which is the i\rst khsht below | m,
so the 4th bounce
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n Amara opens a savings account with £1000.
The account pays 3% interest at the end of each year, and Amara then pays in another £200.
The amount in the account after n years is given by

a,.q = 1.03a, + 200, where ap = 1000

Work out the amount in the account after 3 years. Give your answer to the nearest penny. (3 marks)
ol = 1.0% 2 1000 + 200 = 1230
o2 = 1.0% x12%0 + 200 = 1446.90
o3 = 1.03 x 1466.90 + 200 =1710.9017
To the nearest penny thes oo Evi0.0

Eimo.qn

a A sequence is given by the iteration formula
Xp41 = 3\/(5xn +2), with xq = 2
a. Work out the values of x,, x3 and x,. Give each value correct to 3 decimal places.
b. The values of x,, approach a root of an equation. Write down this equation in the form x> + ax +
b=0 (4 marks)
Ke.c.p the Fott caleulator value For cach next cteration (use the Ans "‘"J)' Round

only the values You write down, otherwise round.ing errors ca.n build up
o) x2 = cube root °f (s 2+ 2.) = cube root of 12 = 2.289428... =
2.289 (3 dp)

o) x3 = cube root o t (s 2 2.289428 + 2) = 2.377990... = 2.37%

(3 dp)
o.) x4 = cube root °f (s x 2.377990 + 1) = 2.403810... = 2.404
(3 dp)

b) At the Limit x = cube root of (S +2),50x=5x 2, wheeh

tsxl=-Sx=-2=0
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n A sequence is defined by

Uy = ku, +3
where k is a constant.
u;=5andu, =13

a. Find the value of k

b. Find the value of uy (4 marks)

a) vz = b.:n.ul-!-3,50\3=5’\1+3,Savin3$h=l0¢u\&l=z
b)u3 = 2 x13+4+3 =219

b) v4 2 x 2943 =46\

The number of deer in a woodland is modelled by
Pp+q = 0.9p, + 40

where p,, is the number of deer n years from now.
There are 300 deer now, so py = 300.

a. Work out the number of deer the model predicts in 2 years' time.

b. The model predicts that in the long term the number of deer approaches a fixed value L. Work

out the value of L. (4 marks)

a) ¢! = 0.9 x300+40 =310

a) p2 = 0.9 x 30 + 40 = 319
b) At the Fixed valve, L = 0.9L + 4o
b) SeoaL = yo, qeving L = 400
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n a. Show that the equation x> - 7x+3=0canbe rearranged to give
X = 3\/(7x -3)

b. Using the iteration formula x,41 = 3V(7x, - 3) with x; = 2, work out the values of x,, x3 and x,.

Give each value correct to 3 decimal places. (4 marks)

Keeyp the Futt calevtator value por each next iteration (use the Ans \u.:,). Round

only the values you write down, otherwise round.cng errors can bucld vp
o.) Add 7x ond subtract 3

x* = Tx-3
o.) Toke the cube root °of both scdes

%X = cube root of (7% - 3), as re.iux.re.&
b) 22 = cvbe root °f (1x2 - 3) = cube root of N=2.223920... =
2.224 (3 dp)
b) x3 = cube root op (7 2 2.2239%0 - 3) = 2.324987... = 2.325
(3 dp)
b) x4 = cube root og (7 x 2.3249%7 - 3) = 2.3¢7793... = 2.3¢%
(3 dp)

@D 0-2-6x+2

a. Show that the equation f(x) = 0 has a root between x = 0 and x = 1

2

b. Show that the equation x= - 6x + 2 = 0 can be rearranged to give

2
x= X *2

6 (4 marks)

This poLJAoMu.L has o continvous armph! it has no jumps of breaks. IJ; tts value
changes trom posctive to neautwe, the groph must pass tl—.rousk zero somewhere in

between
) oc,(O) = 0-0+2 =2, which ts posctive

o) 0;(\) = | =-¢+2=-3, whechis M.Sa.‘b:.\/e.
o) f ©s continvous and changes scgn between O and |, so there is a root between x = 0O
and x =1
b) ﬂzarro.nse. x*=6x+t2 = Ofobx =x*+12
b) Dcvide bokh sides by ¢

= x*+2
* = » &5 required
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B o= +2-9

a. Show that the equation f{x) = 0 has a root between x = 1 and x = 2
b. Show that the equation x> +4x -9 =0canbe rearranged to give
x =3V - 4
c. Starting with xg = 1.5, use the iteration formula x,,, 1 = 3O - 4x,,) to work out the values of x4, x,

and x3. Give each value correct to 4 decimal places.
(6 marks)

Thes polynomial has o continvous graph: it has no Jumps or breaks. Ioc tts value
changes crom posctive to M.ao&:.ve., the graph must poss kkrouak 2ero somewhere wa
between

Keep the FOLL calevlator value for each next cteration (uvse &he Ans lu.:)). Round

on(.y the values Yov write down, otherwise rounding errors can bucld up
o) l'(\) =\t =-9= -4, which s ne.ao.‘ka.vz
m) oc(?.) = 248-9=7, whichs posit&ve.
o) £ continuous and cko.l\ae.s sign, so there ¢s o root between =

=\and x =2
b) ﬂo.mrro.ase. to x®=19-Ux, then take the cube rook: x = cube rook °of (1- ‘+x), oS

rc.tl'uue.d

¢) 2l = cube rook of (9 -4 2 \.5) = cube root of 3 = \.442250... =
w23 (4 dp)
¢) 22 = cube root o F-4= \442250) = L4T356... = L4TDY
(4 dp)
¢) 23 = cube rook og (-4 x LUTHISE) = LUSSI2... = L4S¢O
(4 dp)
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m f(X)=X2+2X—5

a. Show that the equation f{x) = 0 has a root between x = 1 and x = 2

b. Show that the equation X2 +2x - 5=0canbe rearranged to give

__5
X+2

c. Starting with xg = 1.5, use the iteration formula x,,,1 = ﬁ to work out the values of x4, x,
n
and x3. Give each value correct to 4 decimal places.

d. Write down an estimate of this root of fix) = 0 correct to 2 decimal places. (6 marks)

This poLJl\omimL has o continuous graph: it has no jumps or breatks. -IJ- tte value
changes trom posctive to nzauta\/e, the groph must pass tkrousk zero somewhere in
between

Ku.p the J.u(.(. caleulator value For each next iteration (use the Ans lu.d). Round

onlY the values Yov write down, otherwise row\d.ms errors can build vp
o.) J'(\) =1+2-F=-2, which s M.ﬁo.‘ta.ve., ond oc.(?.) =4+4 -5
= 3, which s positive

o) The scqn cho.nse. means there ¢s o root between x =land x =2

b) ﬂemrrmnse tox>+2x=5, ccu.{:or:.sb the (.Ltt scde as x(x +2) =5, thea devide

S
bd (x+2):x= — , &% ruluc.re.d
xt2

dxl = T o\ 42857 = 14286 (4 «Lp)

I.S+2

¢) x2 = S = \.4+52333... = L4S83 (4 dp)
L42%95T1 + 2

c-) x3 = 3 = L44ST73... = 1L.44S D (4 d\o)

1.458333 + 2
d) The iterates settle around 1L4S; £he exack root s =1 + ¢e= L449499..., so 1L4S to

24de

To check the Z-de.c.:.mo.(.-p(.o.ce. routx&ms, J;(l.‘-}'-}S') = -0.02\975 and oc(l.HSS') =
0.027025. The posctive root Lies between these roumlu\s boundaries, so ¢t rounds to
L4Ss
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m The equation x> — 4x - 3 = 0 has a root between 2 and 3.
Use the iteration formula x,,, ¢ = 3\/(4xn + 3) with x5 = 2.5.

a. Work out x4, x, and x3. Give each answer to 4 decimal places.

b. By evaluating flx) = x> - 4x - 3 at 2.295 and 2.305, show that the root is 2.30 correct to 2 decimal
places.

(5 marks)
o)

21 = Y(4x2s+3)=3

x | = 23913

2.2 = V(4 x 2353 +3)

x_ 2 = 2.3\49

2.3 = V(4 x 2.349 + 3)

x_3 =2.30%5%
o)

J;(z.z‘ls) = -0.0%2
F(2.305) = o.027

5&.3(\ change, so the root ¢s ¢n 2.295 € x £ 2305

Root = 2.30 (2 J..p.)
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m x> = 2x* = 1 = 0 has a root between 2 and 3.

. . 1
a. Show that the equation can be rearranged to give x = 2 + —-.
X

1
b. Use the iteration xp+1 = 2 + 2 with xp = 2 to find x4, x, and x3, to 4 decimal places.
n

c. Given that f{2.205) = —-0.0033 and f{2.215) = 0.0548 where f(x) = X -2x% -1, give the root to 2

decimal places. (5 marks)
o)
x3=2xr - ‘L o
2 2
+ 22 x® % 2x* 41 4+ +t22
_-:xl x == sz + \ ".'1'1
=2
+ \
x 2+ —
=2

b)

x| = g4 o = 2.25
- |
*2 =24 —  =21975
2.25*

23 =,, 1  _220mn
2.\175?

¢)
J.(z.zos) < O and 0;(2.2!5) >0
Root Lies between 2.20S5 and 2.21S

Root = 2.21 (2 d.p.)
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