R Vector proofs

ROBINSON Worked solutions

n OAB is a triangle.

Vector OA = a and vector OB = b.
M is the midpoint of OA and N is the midpoint of OB.
Prove that MN is parallel to AB.

This topic online

aM

Diagram NOT accurately drawn (4 marks)

Vector OM =

Vector ON

Vecktor MN

Vector A6 =

2

2
ON - OM

06 - oA

L o becavse Mis &he midpount of oA

Al b because N cs the medpoent of 06

Jo-ta=le-a)
2 2 2

b-a

A scalor cs an ord.u\o.ry AUmber. Mu(.t:.p(.ya.na o nonzero vector bv o scalar ckanae.s cts

Lenskh (and Moy reverse it), but keeps its direckion parallel

SoMN = %A%, whieh means MN (s o scalar multiple °f AB

Tke.re.l.ore. MN s po.ro.(.(.e.(. o A6
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n ABCD is a quaderilateral.

Vector AB = 4a + 2b
VectorBC =a - 3b
Vector CD = -4a - 2b

Prove that ABCD is a parallelogram. (4 marks)
Veckor 0C = -C0 = -(-Y4a - 20) = 4o + 2b

Se 0C = AB
Thes means the sides AB and 0C are parollel and e.vm.(. en
Lenath

A 100.&.(&.(.0.(:2.“.(. with one pocr of opposite sudes that are !.1'00.(. and Po.rm(.LzL s o

pa.ro.(.(.e(.osm.m

Tke.re,ac,orc, ABCO s o po.ra(.(.e.(.osram

Check with the remacning scde

AO = AB +BC + CO = (4a +20) + (a - 3b) + (~4a - 2b) = a -
3 = 60, which concirms AOD < eq val ond parallel to
BC as expected

B Vector EF = 4a - 2b

Vector GH = 6a - 3b
Prove that EF is parallel to GH.

(4 marks)
Wrike both vectors with o common J:,ou:.tor taken ovt

EF = wa-2b=2(2a-b)

GH = ¢a -3b=3(2a-b)

SoGH = % x EF, which means GHis o scalar multcple of EF

‘The.re.oc,ore. EF s po-ratlel to GH
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n P, Q and R are three points.
Vector PQ = 2a - 3b

Vector QR = 6a - 9b

Prove that P, Q and R lie on the same straight line. 4 marks)
OR = ¢a - =13(2a-36) =3x P&

So QR s a scalar multeple of PO, which means PO. and OR are
parallel

PO. and O both pass tkrouak £he point O

Two parallel Line se.ame.nts tkrousk the same pocnt Lie on one
s'tro.ialnt Line

There gore P, O and R Lee on the same straight Lene ({'.he.d ore

co(.(.a.ne.o.r)
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a OAB is a triangle.

Vector OA = 2a and vector OB = 3b.

M is the midpoint of OA.

N is the point on OB such that ON: NB = 2: 1.
a. Find vector MN in terms of a and b.

b. Show that MN is not parallel to AB.

3b

fo) 2aM A

Diagram NOT accurately drawn

o) Vector OM = % X 20 = o becavse M s the mid.pocat °f oA

Vector ON = % x 3b = 2b becovse ON : NB =2 ;)

Vector MN ON - OM = 2b - o
b) Vector AB = 06 -0A =36 - 24
Suppose MN were paratlel o AB. Then 2b - o = k(30 - 24) For

(5 marks)

some scoloar

Compo.ri.na the o terms

= 2l 0k

ol -

Compmr&na the b erms

- 1
2 T 3,0k =—
3

The two values of ®are J.iocd.e.re.n'l:, s0 no such scalar excsts

‘Tke.re.ocore, MN (s nok porallel to AB
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n OACB is a parallelogram.

Vector OA = a and vector OB = b, so vector OC = a + b.

M is the midpoint of OB.
X is the midpoint of OC.
D is the midpoint of AC.

Prove that M, X and D lie on the same straight line.

Diagram NOT accurately drawn (5 marks)

Veckor OM = éb becavse M is the midpoﬁ.nt of 06

Vector OX = %(o. + b) because K ts the m:.d.po'm‘k °f oC

0 s the medpoint of AC, so vector 00 = oA + %AC Vector AC=0C -0A = b, so o0

=o + lb

2

Veckbor MX = o coM= Lo s tb-to=ta
2 2 2 2

Vector X0 = 00 -0 =o+2b=-"Lo-Lbo=e

2 2 2 2
So MX = 0. The %wo scsmtﬁts are parallel (vokth ore scalar mu(.‘t'\p(.es °of o.) ond

shore the po:.nt K

‘Tkueacore. M, X and 0 Lie on the same s‘kro.'\skt Line, and KX is
the midgount of M0
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The points A and B have position vectors
OA =4a +3band OB = 8a + 11b.
a. Find vector AB in terms of a and b.
b. The point P lies on AB such that AP : PB = 3 : 1. Work out vector OP in terms of a and b.

c. The point D has position vector OD = 14a + 18b. Prove that O, P and D lie on the same straight

line. (5 marks)

o) Veckor A = 06 -0A= (2o + Wb) - (Ha + '5\:) = 4a + 8b
b) Ap

6 = 3I|,soAp=%A6=é(4a+%b)=3o~+6b

Vector O = OA + AP = 4o + 30 + 30 4+ 6b = Ta + 90

¢) 00 = \4a +18b = 2(7a + 1) = 2 x OF
So 00 is o scalar multeple of 0P, which means 00 and OF are
porallel
00 and OP bokh pass throvgh the point O
There core O, P and 0 Lie on the same stro.aakt Lene, with P the
medpocat o g o0
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n The vectors a and b are non-parallel.

The points A, B and C have position vectors

OA =2a+5b
OB =4a + Ab
OC =8a + 23b

where A is a number.
A, B and C lie on the same straight line.

Find the value of A. (5 marks)

Vector AB = 06—OA=(‘+0~+\o)-(lm*$b)=2_m4(-5’)b

Vector AC = OC - OA = (8a 4+ 23b) - (20 + Sb) = ¢a + 1%

A, B and C are collinear, so AB® must be o scalar multiple °of AC: 2a + ( - S)b = w(¢a
+18b)

Compo.r:.na the o terms

- |
2 = Gh,s0k= —
3
Compo.r'ms the b terms

"% = Pe=18x — =¢

|

3
Se = 1\

Check

weth = 1, AB =24 +¢oand AC = ¢o +18b = 3A6, so the three

pocnts are indeed collinear
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n OAB is a triangle.

Vector OA = a and vector OB = b.

M is the midpoint of AB.

N is the midpoint of OB.

P is the point on OM such that OP: PM =2 : 1.
a. Prove that A, P and N lie on the same straight line.
b. Find AP : PN.

Diagram NOT accurately drawn (5 marks)

o.) Vector OM = %(o. + b) becavse M is the ma&pou\‘k °f AE)
(014

M = z:u,soop=%oM=%(ub)

VQCtOpr = Op-OAg Lo_-}lb—o_:.-i&-} lb
3 3 3 3

Vector ON = %b becavse N cs the midpoink of 06

Vector AN = ON - OA = -o + 1o
2

iXAp = i(—io,'} lb).-_-u-} LB=AN
2 2 3 3 2

So AN = iAp, which means AP and AN are po.ro.(.(.e.(.,' both po-ss tkrouak A, so A, P and
2

N Lie on the same stro.tsh’c Line
b) PN = AN-AP=%AP-AP= A

So AP
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e \
pN Tl —=2:1
2
This ts the well-knaown result that the medians oJ; o trums(.e. meet at a po'\nt that

divides each median ta the ratio 2 : 1

m OAB is a triangle.

Vector OA = 3a and vector OB = 3b.
P is the point on AB such that AP: PB = 1:2.
a. Find vector AB in terms of a and b.
b. Show that vector OP = 2a + b.
c. The point Q lies on OP produced, so that BQ is parallel to OA. Work out OP : PQ.

A 4

Diagram NOT accurately drawn

a) Vector A6 = 06 OA = 3b - 3.
b) Ap

(6 marks)

b = vi2,50AP= LAB = L(3b-2)=0-a
3 3

Veckor O = OA+t AP =3 tb-a=2a+b,as requcred

¢) G Lies on OF produced, so O = t(2a + b) for some scalor € >
Vector 66 = 0Q. - 06 = 2ka + b - 30 = 240 + (£ -3

B s parallel o OA = 3a, s0 BA. has no b component: £ -3 =0,
which qives t=3

Se OQ. = 3 X OF = ba + 3b, and check: OO = €a + 36 - 3b = ¢a,
whieh s paratlel to oA

PO = OB. - 0P =300 - 0P = 200
Tke.re.ocore. o¢

P =12
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m OAB is a triangle. OA = aand OB = b.
M is the midpoint of OA and N is the midpoint of OB.
Show that MN is parallel to AB.

oM
MN
AG =

B
N
b
aM A
Diagram NOT accurately drawn (3 marks)

= loandON= 1o

2 2
= oN-0oM=li- %«= lo-a)

0b-0A=b-.

MN = %AG, s0 MN s o scalar multeple of AB and s there core

po.ro.(.(.e.(. ‘o A6

A scolar is an ordinary avmber muLt;pLJmS o. vector. Mutkaptvma o non-2ero vector

bj 1/2 halves its Lt.nstk withouvt c.ko.r\s'ma tEs derection, which establishes paratlel

(ines
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m OAB is a triangle. OA = aand OB = b.
P is the point on AB such that AP: PB =2:1.

Express OP in terms of a and b. Give your answer in its simplest form.

Diagram NOT accurately drawn

AG = 0B-0A=b-a
Y

b=, 1, so AP = (%)A@) = (%)(b - o)

(4 marks)

o? = OA*AP=0.+(%)(‘°-&)

0 = o (EVa+(Bo=(D)as(2
N (3) +(3)b (3) +(3)b

\ 2
(3)0- + (;)b
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m OABC is a trapezium. OA = aand OC = c.
CB is parallel to OA and CB = 2a.
M is the midpoint of AB.

Find OM in terms of a and c. Give your answer in its simplest form.

o a A

Diagram NOT accurately drawn

0C+CB =c +2a

(4 marks)

06

AG = OB -OA=c+20a-a=a+c
A = 1pB= Leaso)

2 2
oM =

OA+AM=0.+ lo.'i lo=(i)a+(l)c
2 2 2 2

(2)a s (L)
2 2
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