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Algebraic proof with quadratics and
identities
Worked solutions

GCSE Maths topic practice This topic online

1 Prove algebraically that the difference between the squares of two consecutive integers is equal to
the sum of the two integers. (3 marks)

let the integers be n and n + 1

= (n + 1)2 - n2

= n2 + 2n + 1 - n2

= 2n + 1
= n + (n + 1)

= the sum of the two integers

2 A regular hexagon is drawn inside a circle of radius r so that all six vertices lie on the circle. Each side
of the hexagon is equal to r.

The perimeter of the hexagon is less than the circumference of the circle.
Use this to show that π > 3. (3 marks)

perimeter of hexagon = 6 × r = 6r
circumference of circle = 2πr
hexagon perimeter is less

= 6r < 2πr
divide both sides by 2r (positive)

= 3 < π
π > 3, as required

3 Prove that x2 − 6x + 11 is greater than 0 for all values of x. (3 marks)

complete the square

x2 - 6x + 11 = (x - 3)2 - 9 + 11
= (x - 3)2 + 2

a squared number is never negative

= (x - 3)2 ≥ 0
= (x - 3)2 + 2 ≥ 2
so it is always greater than 0
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4 Prove algebraically that the sum of the squares of any three consecutive integers is always 2 more
than a multiple of 3. (3 marks)

let the integers be n - 1, n, n + 1

= (n - 1)2 + n2 + (n + 1)2

= n2 - 2n + 1 + n2 + n2 + 2n + 1
= 3n2 + 2
= 3n2 + 2, 2 more than a multiple of 3

5 Prove algebraically that (3n + 1)2 − (3n − 1)2 is a multiple of 12 for every integer n. (3 marks)

Expand both squares

(3n + 1)2 = 9n2 + 6n + 1 and (3n - 1)2 = 9n2 - 6n + 1
Subtract

(9n2 + 6n + 1) - (9n2 - 6n + 1) = 12n
12n is 12 multiplied by an integer, so it is a multiple of 12
Therefore (3n + 1)2 - (3n - 1)2 is a multiple of 12 for every
integer n

6 Prove algebraically that the difference between the squares of any two consecutive odd numbers is a
multiple of 8. (4 marks)

Let the two consecutive odd numbers be 2n - 1 and 2n + 1, where n
is an integer

(2n + 1)2 = 4n2 + 4n + 1 and (2n - 1)2 = 4n2 - 4n + 1
Difference = (4n2 + 4n + 1) - (4n2 - 4n + 1) = 8n
8n is 8 multiplied by an integer, so the difference is a multiple
of 8



Page 3 of 4robinsontuition.com/gcse-maths-topics | free GCSE maths worksheets with hand-written solutions | Robinson Tuition

7 a. Show that (n + 3)2 − (n − 2)2 ≡ 5(2n + 1)

b. Hence explain why the difference between (n + 3)2 and (n − 2)2 is always an odd multiple of 5,
for every integer n. (4 marks)

a) Expand

(n + 3)2 = n2 + 6n + 9 and (n - 2)2 = n2 - 4n + 4
Subtract

(n2 + 6n + 9) - (n2 - 4n + 4) = 10n + 5
Factorise

10n + 5 = 5(2n + 1), as required
b) For every integer n, 2n + 1 is an odd number
So the difference is 5 multiplied by an odd number, which is an
odd multiple of 5

8 Prove algebraically that n3 − n is a multiple of 6 for every positive integer n. (4 marks)

n3 - n = n(n2 - 1)
= n(n - 1)(n + 1)

three consecutive integers: (n - 1), n, (n + 1)

at least one is even, so the product is a multiple of 2
exactly one is a multiple of 3, so the product is a multiple of 3
multiple of 2 and 3, so a multiple of 6

9 Prove algebraically that the square of any odd number is 1 more than a multiple of 8. (4 marks)

Let the odd number be 2n + 1, where n is an integer
(2n + 1)2 = 4n2 + 4n + 1 = 4n(n + 1) + 1
n and n + 1 are consecutive integers, so n(n + 1) is even

write n(n + 1) = 2k for an integer k
Then (2n + 1)2 = 4 x 2k + 1 = 8k + 1

8k is a multiple of 8, so the square of any odd number is 1 more
than a multiple of 8
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10 Prove algebraically that the difference between the squares of any two odd numbers is a multiple of
8. (6 marks)

Let the two odd numbers be 2a + 1 and 2b + 1, where a and b are integers (they need
not be consecutive)

(2a + 1)2 - (2b + 1)2 = (4a2 + 4a + 1) - (4b2 + 4b + 1) = 4a2 + 4a -
4b2 - 4b
Factorise

= 4a(a + 1) - 4b(b + 1)
a(a + 1) is a product of consecutive integers, so it is even

a(a + 1) = 2m for an integer m. Similarly b(b + 1) = 2k
So the difference = 4 x 2m - 4 x 2k = 8m - 8k = 8(m - k)
m - k is an integer, so the difference between the squares of any two odd numbers
is a multiple of 8

11 Prove that the product of four consecutive integers, plus 1, is always a perfect square. (4 marks)

integers n, n+1, n+2, n+3: pair outer and inner

n(n + 3) = n2 + 3n
(n + 1)(n + 2) = n2 + 3n + 2
let m = n2 + 3n

m(m + 2) + 1 = m2 + 2m + 1
= (m + 1)2

= (n2 + 3n + 1)2, a perfect square


