Algebraic proof with quadratics and
identities

ROBINSON .
TUITION Worked solutions

This topic online

Prove algebraically that the difference between the squares of two consecutive integers is equal to
the sum of the two integers. (3 marks)

let the :.nte.aus be nand a1
= (n+1)* - a2
= At 2n 41 -4
= 2n +|

= n*(n-tl)

= the sum °f the two mtcae.rs

n A regular hexagon is drawn inside a circle of radius r so that all six vertices lie on the circle. Each side
of the hexagon is equal to r.

The perimeter of the hexagon is less than the circumference of the circle.

Use this to show that 1t > 3. (3 marks)
perimeter of hexagon = &xr= ér

ca.rcumf,zre.m.e. °f' circle = 2.1Tr

hexaqon perimeter is Less
= ¢r<2Tr

divide both sudes bv 2r (posita.ve.)

= 3 <& 1T
™> 3, as re.lu:.re.&

B Prove that x> — 6x + 11is greater than 0 for all values of x. (3 marks)

complete the square
xt=txth = (x=-3) -9+
= (x=-3)*+2
o squared aumber is never ne.ao.twe.
= (x-3)20

= (x=-23)2+4232

so it s o.(.wo.ds arco.(:e.r than O
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Prove algebraically that the sum of the squares of any three consecutive integers is always 2 more
than a multiple of 3. (3 marks)

Let Ehe :.n‘ko.ﬁo.rs ben=1,nn+)
= (a=1)"4a%4(a+1)?
= A2=-2nt 1+ a2ttt 2a+)

= 3+ 2

= 302+ 2, 2 more than a multiple of 3

B Prove algebraically that (3n + 1% - (3n - 1) is a multiple of 12 for every integer n.

(3 marks)
Expand both squares
(3n+1)> = a2 46nt1and (30 =1)2 =92 - €n +\
Subtract
(> +en+1)=-(0*=-6n+1) = \2na
120 ¢s 12 muldeplied bJ on u\tzser, soit s a mu(.(::.p(.e. of \2
'Tke.re.ocore. (3n + V2 -(3n-1)%¢s a multiple of 12 por e.ve.ry
‘m'(:e.ae.r n
@ rove algebraically that the difference between the squares of any two consecutive odd numbers is a
multiple of 8. (4 marks)

Let the two consecutive odd numbers be 2a =1 and 2n 4\, where o
Ls an :.n'(:e.se.r

(2.r\-l>|)2 = H-n"-H-M+\o.ml(2.n-\)z='+n"-'+n+l
Ocpperence = (4a* 4 4a 1) = (4a® - 4 +1) = 8n

B cs & multeplied by an ‘m(:e.ae.r, so the dog cerence ws o multeple
of ?
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a. Show that (n + 3)2 = (n = 2)2 = 52n + 1)

b. Hence explain why the difference between (n + 3)2 and (n - 2)2 is always an odd multiple of 5,

for every integer n. P
o) Expand
(A+3)" = a24éntTand (n=2)"=n>=-untu
Subtrack
(A24¢n+9)-(a-4nt4) = \On+S
Factorise

0a+S = S(2n+1\), as required

b) For every uvl:e.v.r n, 2n +\ s on odd number

So the dipperence is S multeplied bj an odd aumber, which s an
odd multeple of S

n Prove algebraically that n®-nisa multiple of 6 for every positive integer n. (4 marks)
ad=a = ala?-1)

= aln=1)(n+1)

three consecutive u\te.ae.rs: (a=1),n,(a%1)

ot Least one ts even, so the produc‘k s o multiple of 2

e.ac.o.c.(:(.:} one is a mulkeple of 3, 50 the pro&ugt s o mu(.‘ka.p(.e. of 3

multeple of 2 and 3, so o mulLtiple of ¢

n Prove algebraically that the square of any odd number is 1 more than a multiple of 8. (4 marks)
Let the odd number be 2n + 1, where ais an 'mte,ae,r
(Za+1)* = Un+un+1=4aln+\) +1

nond a4l are consecutive ntegers, so ala +1) is even
wrete ala+1) = 21 For an :.nte.ac,r 'Y
Then (2a +1)* = 4 x 2k +1= Bl +\
Bk s a multiple of 8, %o the Square of any odd number ts \ more
than o multiple of %
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m Prove algebraically that the difference between the squares of any two odd numbers is a multiple of
8. (6 marks)

Let £he £wo odd numbers be 2o +1and 2b + 1, where a and b are :.Ato.se.rs (tkbj need

not be r.ons!.cut:.\/e.)
(2o +1)2 = (20 +1)* = (4a? 4+ Yo +1) - (b2 + b +1) = Ha? + Yo -
4b? - 4b

chtor;st

= wala +1) - 4b(b +1)

o.(o. + \) LS o prod.ug‘t ooc consecutive ;nte.aers, s0 ¢t s even
oo + l) = 2m For on u\{:zazr m. Sa.ma.(.o.r(.J b(b + I) =2k
So khe digference =H X Zm -4 % 2k = Bm - 3k = 3(m - k)

m=Risan u\tesu, so the difperence between the sguares of any £wo odd numbers

is o multiple of &

m Prove that the product of four consecutive integers, plus 1, is always a perfect square. (4 marks)

mtese.rs n, atl, a+2, n+3: pacr ovker and aner
alnt3) = A%+ 3a
(n+\)(n+2) = A2430+2
le m = a2+ 3a
mlwm+2)+\ = m>+2m+)
= (m+ \)"

= (n*+ 3n +1)%, puoce.c.t Sg uore
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