R, Multi-step circle theorem reasoning

ROBINSON Worked solutions

This topic online

n AB is a diameter of a circle with centre O.
C is a point on the circle, not at A or B.
Prove that angle ACB = 90°.

Diagram NOT accurately drawn R
Jown O €0 C. OA = OC and 06 = OC because all three are radic of the cerele

Treangle OAC <5 tsosceles, so angle OAC = angle OCA. Call thes angle x

Triangle 0BC s isosceles, so angle oBC = angle 0CB. Call this °’n3("' Y

Ia trm.ns(.e ABC the three MSLes are angle CAB = «, &ASLL CBA = y and angle ACB =« + y
Ana(.e.s wh oo '(:r:.a.nsu. sum to \%o , 50 x Y +(x+y)= I%O , which geves 2(x + 3) ISO°

So x + y = % » and there core od\b(-% ACB =10

Thes proves that the M\S(.!. tn o semecirele s a hak‘t mna(.e
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a AB is a chord of a circle with centre O.
M is the point on AB such that OM is perpendicular to AB.
Prove that M is the midpoint of AB.

Diagram NOT accurately drawn (4 marks)

'T'I’ AB s a deameter, the perpendicular meets it at 0, so M = 0 and AM = BM because both are radic. Otherwise, use the tuws
r;skt—mnatc& triangles below

Join O to A and O to 6

o
A"S"" OMA = o.na(.c. OMB = 10 becavse OM s perpendiculor to ) (bavu\)
OA = 0B becavse bokh are radic of the circle. These are the hjpo{:u\us'.s of the tuwo nakt-u\atc& tr;o.ns(.'.s
OM s common %o both tria.n&(.!.s, so OM = OM
So tr:.o.nﬁu. OMA <o conaruu\t to tr:.oma(.'. OMB: the kruma(.t.s have the same shape and size. RHS means r=.3ht M‘ﬁ‘""‘ equal
hjpokenuse and one elum(. sude
Corrbspol\&il\s scdes o congruent treangles are equal, so AM = &M

There gore M is the medpoint of A&, which proves that the perpendicular prom the ceatre of o circle £o a chord bisects the
chord

n P is a point outside a circle with centre O.
The two tangents from P touch the circle at A and at B.
Prove that PA = PB.

Diagram NOT accurately drawn

JomotoA,Otoeo.mLO‘kop
Al\s(.b OAv = &I\SL!. 08¢ = 10" becavse o tangent toa circle is perpendicular to the radivs at the point of contoct

OA = 0B because both are rodci of the curele

(4 marks)

OFf s the kjpotenuso. of both raaht-mnnted 'l:ri.o.ns(.c.s and s common, so OP = OP
So tr'\M\SLL OAP <o consrucnt to framns(.!. 060 (same shage and sz.ze), bJ RHS: o raﬁk{: o.nS(.O., o.cvm.(. kjpottnust and one 0.1'00.(. sude

Corrt.spomlma sides of oonnrue.nt ’Cr:.omn(.e.s are equal, so oA = 06

This proves that the two ta.nso.nts drown to a cerele From an external pocnt are egual ca L'.nstk
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n A, B and P are points on a circle with centre O.
O lies inside triangle ABP.
Prove that angle AOB = 2 x angle APB.

Diagram NOT accurately drawn (4 marks)

Join P £0 O and extend the Lune £o a pount 0 on the other scde °of 0]

OA = OP because both are radec, so krcu\aLL OAP is csosceles and angle OPA = angle OAP?. Call thes angle 2

The extercor o.na(.o. of o (:rn.o.nSLL equals the sum of the two catercor opposcte “'"3("'5‘ so0 o.na(.e Ao0 = angle OPA + angle OAP = 2x
08 = 0F becavse both are radic, so Eriangle 087 e csosceles and angle orb = angle 06¢. Call this angle Y

63 the same exterior M\SLL arnumcht, a.ASLL 600 = ZD

An3L2. AOB = ans(.e. AoO + o.ns(.e 006 = 2x + 15 =2(x 4 J)

Anﬁ"" Ar® = msu. AeO + mna(.e. 000 =« + Y

There ore angle A0B =2 x angle APB, which proves that the “"3("' at the centre is twice the anqle at the coreum perence

stmmlma on the same arc

B A, B, P and Q are points on a circle with centre O.
P and Q are on the same side of the chord AB, and both are on the major arc AB.
You may use the theorem that the angle at the centre of a circle is twice the angle at the circumference standing on the same arc.
Prove that angle APB = angle AQB.

]
ES

Diagram NOT accurately drawn

(4 marks)

Jocn O to A and O 40 6
P is on the ma jor arc AE), s0 by the angle ot the centre theorem, mha‘.'. A0B =2 x anqle Arb
Q. is on the same are, so bJ the same theorem, angle A0B =2 x anqle Ac.®
There gore 2 % &I\a(.'. AP = 2 x angle Ac.®
Oz.v:.dma both scdes by 2 gives angle Ar® = angle Ac.®

This proves that «na(.e.s en the same sbamu\t of circle are e.lum(.
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n ABCD is a cyclic quadrilateral in a circle with centre O.
You may use the theorem that the angle at the centre of a circle is twice the angle at the circumference standing on the same arc.
Prove that angle ABC + angle ADC = 180°.

B

P—

Diagram NOT accurately drawn (4 marks)

A r.:’c(.t.o iuo.&ri(.atv.ro.(. has all Fovr verkices on a curele. Jown O to A and O to C
There are £wo ares From At C
one ‘klnrouak ® and one kkroush 0. Let o be £he central o.l\bu. oco(.(.owu\s afc AOC, and B the central
AASL!. ABC stands on are ADC (the arc not conto.:.m.l\s 6), so the ana(.o.-o.t-khe-u.ntn theorem geves X=2x OJ\SLL ABC
AASLO. AOC stands on the other are, ASC, so B =2 X M\a(.!. AOC
Svbstitute wato X + B = %0 :2x% ”‘SL" ABC + 2 x o.nS(.c. AOC = 3¢
Ocvide bJ 2
[~
O.AS(.Q ABC + a.nb(.o. AOC = 130 . This also covers AC bv.ns o diameter: both central o.r\s(.c.s ore
then 80
The line ST is a tangent to a circle with centre O, touching the circle at A.
AB is a chord of the circle.

C is a point on the major arc AB, so that C is in the alternate segment to angle TAB.

Prove that angle TAB = angle ACB.

o N

S A T

Diagram NOT accurately drawn (4 marks)

IJ— AB s o deometer, LASLO. TAB s 10° (to.nau\k perpendecutar to radivs) and Ll\s(.t AC® s 90° (o.t\b(.!. on o semicerele), so tho.:)

are "'Lu“'(" Otherwise vse the construction below

Orow the diameter AD From A tkrousk the centre O, and join 0+t 6
AASLO. 0AT = 10° because a 'ea.nabl\t is perpendceotar to the radivs (and so to the diameter) at the poud: of contact

The.re.l,ore. o.ns(.e 'TA6 = 100 - oma(.!. 0A6

Ansu. ABO = ﬂon becavse it is the amsl.o. wh o semecirele stmdma on the deameter AD
Ta krio.ns(.'. ABO the &ASL'.S sum %o \%Oa, so angle AO® =180 - 0" - omSLc 0A® = 30° - &ﬂatt 0A®

Se o.ASLL 'TA6 = o.nsu. A06
Ans(.!. A06 = a.t\a(.b AC46 becavse both are a.l\s(.!.s en the same scamu\t sko.n&‘ma on the chord A6
There pore MS"" TAG = angle ACB, which proves the alternate scsmcn{: theorem
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u A, B and C are points on a circle.
DAE is a tangent to the circle at A.
B is on the opposite side of the chord AC from E.
Angle CAE = 63° and angle BAC = 44°.
Work out the size of
a. angle ABC,
b. angle ACB.

Give a reason for each stage of your working.

Diagram NOT accurately drawn (4 marks)

o) Aaat'. ABC = G.I\SLL CAE = $3° becavse the o.ns(.e. between o tu\atnt and o chord s Liua(. o the &I\SLQ wn the alternate

se.amc.nt
b) Ans(.c.s ina trio.aat.e. odd up to \80
Ambu. ACB = 130 -¢3 -ua =73

n AB and CD are chords of a circle with centre O.
AB =CD
M is the point on AB such that OM is perpendicular to AB.
N is the point on CD such that ON is perpendicular to CD.
Prove that OM = ON.

Diagram NOT accurately drawn

(5 marks)
I,{- the egual chords are deameters, both perpendiculor distances are zero and the result collows. Otherwise use the two right~-
angled triangles below

Join Oto A and Oto C

The perpendicolar prom the centre of a cirele to o chord besects the chord, so AM=AB 22 and LN =C0 22
AG = CO (T.vu\), so AM = CN

OA = OC because both are radci of the circle
Trio.ASLo. OMA has o raakt angle ot M, s b:) Pthasoms, oM* = OA™ - AM?
Treangle ONC has o r:.akt angle at N, so bJ Pvtho.ﬁoro.s, oN' =0oC" - CN?

Since OA = OC and AM = CN, ¢t pollows that OM* = ON®

Ocstances are noanegative, so OM = ON. This proves £hat egual chords of o cirele are equidistant crom the centre
A(.t'.rmxto/!.(,:’, tria.na(,es OMA and ONC are r.onsruo.nt (RHS

r‘\akt angles at Mand N, hdpotenuses OA = 0C, and AM = CN), s0 OM = ON
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m A, B and C are points on a circle with centre O. Angle ACB is acute. TA is a tangent to the circle at A, with T and C on opposite sides of the line AB.
Prove that angle TAB = angle ACB.

(You may use the fact that the angle at the centre is twice the angle at the circumference.) (4 marks)

Let angle oAb = Y

OAT = ‘|O° ('ta.nno.n{: 1 radivs)

TAB = 10 -y
oA = 06 (radii) so oBA = y

AoB l80° - ZJ (o.nate.s o tr:.o.n:)(.e)

ACK = 1, (R0 - 29)
2

ACB = 100 - J (o.na(.!. ot centre =2 % al\a(.!. ot r.:.rc.um}t.r!.nf.e.)
TAB =ACB =10 - Y

m A, B and C are points on a circle with centre O.
PA and PB are tangents to the circle from the point P.
C lies on the major arc AB.
Angle APB = 42°.

Work out the size of angle ACB. Give a reason for each stage of your working.

Q.

Diagram NOT accurately drawn (4 marks)

AnaLc OA¢ = o.n3L0. 08¢ = 10 becavse a tangeat cs perpendicular o the radivs ot £he pocnt of contact
° ° o ° ° °
AASLLs ina 100.&(;(.0.'6&“.(. add vp to 36O |, so o.ASLc. AoB =30 -0 -90 -u2 =13
The M\SLL ot the centre s twice the M\a(& ot the ciroumocerc.ﬁoe sto.nd.u\s on the same arc
° o
Angte ACB = 138 :2=1¢1
[~

¢

m A, B, C and D are points on a circle, in that order, so ABCD is a cyclic quadrilateral.
TAis a tangent to the circle at A. T and D are on opposite sides of the line AB.
Angle TAB = 48°.
Angle BDC = 35°.

Work out the size of angle ABC. Give a reason for each stage of your working. @ marks)
Alternate stament theorem
AO® = TA® =ug’
AOC = ua’ +3s =23’
Opposcte angles i o cyelic guad add to 80"
ABC = \80 - 83
5

17
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m A, B, C and D are points on a circle, in that order.
The chords AC and BD intersect at the point E inside the circle.
Prove that triangle ABE is similar to triangle DCE.

Diagram NOT accurately drawn (4 marks)

Ansl.c. BAE = angle BAC and angle COE = angle C08. Anau. BAC = angle B0C becavse angles in the same scamenk, sko.nd.ina on
chord BC, are equal. So angle BAE = angle C0e

Ana(.!. ABE = angle ABO and o.na(.'. 0CE = &A3L€ ACO. AI\SLQ. ABO = angle ACO because angles ca the same se.ﬁlm.n'k, sto.nd.m5 on
chord AD, a.re equal. So angle ABE = angle 0Ce

AASLL AE® = M\SLQ 0EC because \/u‘tu‘.o.(.(.:j opposcte M\a(.!.s ore eluo.(.

The tr‘x.u\s(.es have Liuo.(. a.nSLO.s, so tr:.o.l\a(.e. ABE s scmilar to trﬁ.u\a(.e 0Ce
Semelar tf‘LmASLLs have the same shage, tkoubk their sczes candepcer AA means Ehat two md::.kma angles are sugpcccent: the

third also matches becavse each tr;mna(&)s o.na(.o.s tokal 1RO

m A, B and C are points on a circle with centre O.
PA and PB are tangents to the circle from the point P.
C lies on the major arc AB.
Angle APB = x°.

Find the size of angle ACB in terms of x. Give your answer in its simplest form and give a reason for each stage of your working.

Diagram NOT accurately drawn (5 marks)

Ana(.c. OA¢ = angle 08¢ = 10" becavse o tmnaent is perpendicular to the radivs at the poiat of contact
AnSLLs h o guadrilateral add up to 3600, s0 a.ngle AOB =30 =90 -0 - =" =(180 - x)

The o.nat.c. ot the centre is tuwice the &ASLL ot the cifeumperence s(:mnd.i.na on the same are

Angle ACB = (wo-x):2=(%0- %)"

(f0 - 2)°
2
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m A, B, C and D are points on the circumference of a circle, in that order, so ABCD is a cyclic quadrilateral.
Angle DAB = (3x + 10)°
Angle BCD = (5x - 30)°
Angle ABC = (2x + 25)°

Work out the size of angle ADC. Give a reason for each stage of your working.

(4 marks)
Opposcte mASLts wn o cyclic guad add £01%0
(3x +10) + (Sx - 30) F 180
%x - 20 \20
+20 Dx 200 +20
<% x 25 +2
°
ABC 3 2x25+25=1s
AOC <s opposcte ABC
° °
AOC = %0 -5
1
\0oS
m ABCD is a cyclic quadrilateral.
angle BAD : angle BCD = 4:5
angle ABC = angle BAD + 30°
Work out the size of angle ADC. Give a reason for each stage of your working.
B
Al C
D
Diagram NOT accurately drawn (5 marks)
° °
Opposite oma(.v.s of o cvc(.u. 10&&("'\(.«‘&0.{‘«(. add vp £01%0 | %o angle BA0 + angle BC0 =130
The rato 4
° °
S has 1 parts, soone part = 190 = 9=120
° ° ° °
Angte BAO = ux 20 =%0 and angle BCO=5x20 =100
° ° °
AA&L& ABC = 20 +30 =10
° ° ° °
Opposd:c. u\a(.es of o chLcc iu«dritatera(‘ odd vp to 180 | so M\SLQ AOC =120 -1n0 =170
]
70
A, B and C are points on a circle. AB = AC.
The line TAS is a tangent to the circle at A. T and C are on opposite sides of the line AB.
Prove that TS is parallel to BC. (4 marks)

TAB

ACB (alternate 5"3"‘""(: theorem)
ABC ACB (AB = AC, isosceles trio.nat.c.)
Se TAB ABC

Eiuo.(. alternate u\s(.!.s

TS s pa.ro.(.(.o.(. to BC
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