R, Congruent triangle proofs

ROBINSON Worked solutions

This topic online

n Here are the side lengths of four triangles.

Triangle A:5cm, 7 cm, 9 cm
Triangle B: 5c¢cm, 7 cm, 8 cm
Triangle C: 9cm, 7 cm, 5 cm
Triangle D: 5¢cm, 6 cm, 9 cm

Write down the letters of the two triangles that are congruent to each other. (1 mark)
Consruu\t trio.ns(.e.s have the same shape and scze. SSS (scde-scde-side) says that
three m«a.tc.ku\b scde Lensths are e.nouah to establish thes, even i one tr:.o.aste, s
rotated or replected

Trao.l\a(.t A has scdes S em, Temand 1 em. Truma(.e. C has scdes Tem, Tem and S em,
which is £he same set of three (.e.ns'(:hs

Tr:.o.nS(.L ® (s, 7, %) and Tr:.a.na(.e. 0 (s, ¢, %) each d.:.J.J;br From thes sek, so the
oonaruu\t pacr is A and C

A and C

n In triangles PQR and XYZ,

PQ = XY =6cm
angle PQR = angle XYZ = 40°
QR =YZ=8cm

The two triangles are congruent.

Write down the congruence condition that shows the triangles are congruent. (1 mark)

Two pocrs °of sides are e.luo.(.

PO = XY and QR =Z

The egual angles, angle POR and angle AKYZ, are between £hese pacrs of scdes at
S and 0k Y, s0 the angle cs the tacluded angle in each '(:r:.mna(.e.

Two sides and the tacluded o.(\a(.z mateh, so the condition vs SAS
SAS
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n For each pair of triangles, state whether they must be congruent. If they must be, give the condition
(SSS, SAS, ASA or RHS).

a. Triangle ABC and triangle DEF: AB = DE = 6 cm, BC = EF = 8 cm, angle ABC = angle DEF = 55°.

b. Triangle GHJ and triangle KLM: angle G = angle K = 40°, angle H = angle L = 75°, GH = KL = 10
cm.

c. Triangle NPQ and triangle RST: the angles in each triangle are 50°, 60° and 70°.

d. Triangle UVW and triangle XYZ: angle V = angle ¥ = 90°, UW = XZ = 13 cm, VW = YZ = 5 cm, & marks)
o)
AB = O€, BC = EF, anqle ®= angle E (vetween them)
SAS
)

o.nn(.e. G = angle K, ¢H = KL, o.nate. H= angle L
AsA
e)

OALJ o.AQLe.s oare e."t)o.(. - no scde s aive.l\

Not ne.ce.sso.raLd ooﬂaruu\k
d)
Raskt a.aa(.e., kdpoku\use. 13=13,side S =5

RHS
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u ABCD is a kite in which AB = AD and CB = CD.
The diagonal AC is drawn.

Prove that triangle ABC is congruent to triangle ADC.

Diagram NOT accurately drawn

A6 = AO becavse ABCO is o kite (3wu\)
CB = CObecavse ABCO s o wcte (SWM)
AC is common to both '(:ra.o.ns(.e.s, so AC = AC

(3 marks)

Three pocrs op sides are equal, so trio.aste. ABC s cmsrue.nt to
treangle ADC (S5S)
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@B '~ triangle ABC, AB = AC.

The point D lies on BC so that AD bisects angle BAC.
Prove that triangle ABD is congruent to triangle ACD.

B D C

Diagram NOT accurately drawn

AB = AC( given)
Anst.e. BA0 = angle CAOD vecavse AD bisecks angle BAC
( 5we,n)
AD is common to both kr:.oma(.e.s, so AO = AO

Iheach tr:.o.nat.e the equal angle is the wacluded angle between the two L"uo.(.
sudes (A6 and AD in tru.ns(.e. A60, AC and AD ia truu\s(.e ACO)

So '(:ra.oma(.e. ABO s c.o(\%ruzn'(: to tri.o.nste. ACO (SAS)

(3 marks)
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n ABC is an isosceles triangle with AB = AC.
M is the midpoint of BC.
a. Prove that triangle ABM is congruent to triangle ACM.
b. Hence prove that angle ABC = angle ACB.

o)

AB =AC (3WM)

BM = CM (M s the midpount °f 6(1)
AM = AM (common scde)

SSS, so ABM o coaarue.nt o ACM
b)

Corre,spoml:.ns 0.1\3(.2.5 en consruu\t trimnﬁtes are e.c"ua(,

oﬁ(.e ABM = u\a(.e. ACM
o.nate. ABC = o.na(.e. ACB

(4 marks)

In quadrilateral ABCD the diagonal BD is drawn.
Angle ABD = angle CDB and angle ADB = angle CBD.
Prove that triangle ABD is congruent to triangle CDB.

Diagram NOT accurately drawn (3 marks)

AASLL A60 = oms(,e. CO6 (3:.\/2.(\)
AASL& AO6 = 0.1\5(.2. 060 (s‘wu\)

B0 is common to both tr:.o.na(,cs, 0 60 = 06

Ina tr:.mna(.e. ABO the side B0 Lies bektween the «ASLLs ABO and AO(’>) A tr:.o.na(.e.
C0B the scde 06 Lies between the corresponding anqles C06 wnd CBO

Two pacrs °f oma(&s and the included side are "1«'”“(" s0 tr:.o.(\s(.e. ABO o oonaruu\f
to ‘tri.o.ns(.e. 06 (AsA)
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n OA and OB are two straight lines that meet at O.
The point P lies between the two lines.

M is the point on OA such that PM is perpendicular to OA.
N is the point on OB such that PN is perpendicular to OB.

PM = PN
Prove that triangle OMP is congruent to triangle ONP.

M A

Diagram NOT accurately drawn (3 marks)

Aaate OoMp = angle ONP = 10 becavse PM s perpendicular to OA and PN is
perpendccular to 06 (Sive.n)

OP s the kjpote.nuse, of both rash'(:-o.na(.e.d. tr:.o.ns(.zs and is
common, so OP = OF

M = PN (3‘wu\)

A right angle, the hypoteause and one obher scde are egual wa each triangle, so

tr:.oma(.c. oM? (s coﬁaruu\t to tr:.o.nnl.e. ONP (RHS)
Note

it oco(..(,ows that o.(\3(,2. Moe = angle NOP, so OP bisects the

o.as(.e. between the two Lines
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n A and B are points on a circle with centre O.
AB is not a diameter. M is the midpoint of the chord AB.
Prove that OM bisects angle AOB.

Diagram NOT accurately drawn (3 marks)

OA = 0B becauvse bokh are radec of the circle

AM = BM becavse M s the m:.d.pomt of AG (S;Ve.a)
OM s common to both tr:.o.nat.e.s, so OM = OM
So krwﬂa(.e. OAM s coasruu\t to truu\at.e. oBbM (555)
Corre.spomi.a.na angles of conarue.n'l: trio.nnt.e.s are egual, so angle
AoOM = ”\3“’ oM
There core OM bisects anqle Aob

m M is the midpoint of the line XY. The line PM is perpendicular to XY.
Prove that PX = PY.

M =M (M s the m:.&pou\t)
o.na(.e. PMX = anqle MY =90 (PM perpendecular to XY)
PM = PM (common)

SAS, so 'l:r‘umch PMX s consruu\t %o '(:r:.a.hat.e. MY
PX and PV are c,orre.spondma scdes

28w |

(3 marks)
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m Neither chord is a diameter.
AB and CD are chords of a circle with centre O.
AB = CD
a. Prove that triangle OAB is congruent to triangle OCD.
b. Hence explain why angle AOB = angle COD.

)
™

Diagram NOT accurately drawn (4 marks)

a) OA = OC becavse both are radii of the circle

0B = 00 becavse both are radic of the corele

AB = CO (Swe.n)
Three pacrs of sudes are equal, so triangle oAb s conaruu\t ‘o
triangle OCO (555)
o) AI\SLQ. A0B ca triongle oAb corresponds to angle CO0 ¢a
trio.nﬁte. oC0
Corre.spondu\a angles of congruent triangles are egual, so angle
Aocb = o.ngtz col
Thes shows that egual chords subtend equal angles ot the

centre of o cirele
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m ABCD is a quadrilateral in which AB is parallel to DC and AB = DC.
The diagonal BD is drawn.
a. Prove that triangle ABD is congruent to triangle CDB.
b. Hence prove that AD = CB.

e

E o

Diagram NOT accurately drawn

a.) A6 = CO (St\le.n)
Anate. ABO = o.nst.e. B0C becavse tlnzj ore alternate o.nat.e.s between the po.ro.(.(.c.(.
Lenes AB and 0C wikh transversal 60
B0 s common to both tr'uu\s(.e.s, s 60 = 06

Ina (:r:.a.nnte. ABO the o.nSLz ABO s cacluded between the scdes AB and 60, in
triangle C08 the angle C08 s cacluded between the corresponding scdes C0 and 06

Se tri.oms(.e. ABO s coﬂsrue.nt to ‘l:ruu\s(.e. C06 (SAS)

b) Ia the ooﬂarucncz, A c.orre.spomls to C, ® corresgonds to 0 and 0 corresponds to 6,
so the side AD corresponds to the scde c6

(4 marks)

Corrzs\ooad.ms scdes of consrue.n'(: '(:rt.o.ns(.e.s ore 2.7'0&(., 5o AOD =

b

Thes proves that o iumd.ri(,o..kc.rm(. with one gair of opposite sides uLqu. and parallel

s o pmro.(.(.z(.osra.m
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m ABCD is a parallelogram.

The diagonals AC and BD intersect at the point M.

Prove that the diagonals of the parallelogram bisect each other.

V'

A 4

Diagram NOT accurately drawn (5 marks)

AB s parallel £o 0C because ABCO is a po.ra.(.(.e.(,osro.m

Anste. BAM = angle 0CM because they are alternate angles between the parallel
Lenes AB and 0C with transversal AC
Anbte. ABM = anqle COM becavse they are alternate angles between the parallel
Lenes AB and 0C with £ransversal 60

AB = CO because opposcte sides of o pmro.(.(.z(.osram are eqgual

Ina (:r'ums(.e. ABM the side AB s cncluded between the o.ns(.e.s BAM and ABM) N

triu\a(.e. COM £he scde CO cs included between the oorr%pon&ina o.AS(.e.s 0CM and
coM

So tr:.ma(.e. ABM s ooaarue.a(: ‘o tr:.o.na(.c coM (AsSA)

Ta the congruence, A corresponds to C and ® corresponds to 0, so
AM = CM and BM = OM

Tkue.ocore. M s the m'\d.pou\t °f both AC and 60, so the

d.io.sonm(.s bisect each other
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